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Abstract

Innovation diffusion is conventionally modeled as a unimodal process, capturing the pro-
gression of adoption from innovators to the majority and ultimately to laggards. However,
empirical observations and theoretical developments increasingly highlight the occurrence of
transient bimodality, wherein the adoption trajectory briefly displays a two-peak pattern. This
paper refines the Extended Bass Model to rigorously examine the transiently bimodal diffusion
phenomenon and elucidates the role of population heterogeneity, stochastic param-eters, and social
network effects in driving such behavior. We provide detailed mathematical derivations of
equilibrium points, stability analysis, and conditions under which transient bi-modality emerges.
Moreover, through illustrative case studies on emerging technologies and sustainable innovations,
we offer empirical validation and managerial insights for harnessing transient bimodality to
optimize marketing, policy, and resource-allocation strategies. Our findings demonstrate that
recognizing and strategically leveraging transient bimodality can expedite innovation adoption
while minimizing market uncertainties, thus offering a robust framework for researchers and
practitioners in the domain of innovation diffusion.

Keywords: Innovation Diffusion, Transient Bimodality, Extended Bass Model, Mathematical
Modeling, Adoption Dynamics, Stochastic Analysis, Social Networks

1 Introduction

Innovation diffusion plays a pivotal role in shaping how new ideas, products, and services are
accepted and assimilated within a social system [1-3]. Classical models, notably the Bass
Model [3], predict an S-shaped (unimodal) life cycle for innovation adoption. Yet, an emerging
body of work suggests more complex adoption dynamics, giving rise to multimodal or bimodal
patterns under specific conditions of population heterogeneity, structural network effects, and
stochastic influences [46].

Transient bimodality describes a phenomenon in which the adoption trajectory exhibits an
additional, temporary peak before settling into a more conventional saturation phase. This
additional peak can be triggered by distinct subpopulations (e.g., innovators vs. majority),
sudden media influence, or even exogenous shocks that alter behavioral dynamics in a short
timeframe. Despite its ephemeral nature, transient bimodality can significantly affect strategic
decision-making, from resource allocation in marketing campaigns to policy interventions aimed
at encouraging socially beneficial technologies [7./13].
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While prior studies have acknowledged the possibility of transient bimodality, there is a
need for deeper mathematical grounding to characterize the underlying mechanisms [9,(10].
This paper aims to fill that gap by proposing an enhanced model—built on the Extended
Bass framework—that explicitly captures heterogeneity in mass media and word-of-mouth pa-
rameters. We further introduce novel analytical tools to examine system equilibria, stability
conditions, and the precise parameter regimes conducive to transient bimodality.

1.1 Contributions and Structure

This paper makes three primary contributions:

1. Refined Mathematical Model: We extend the Bass Model by incorporating random
influences in word-of-mouth (WoM) and mass media (MM) processes and introduce cou-
pling parameters that capture cross-influences among population strata.

2. Analytical and Numerical Investigations: We derive equilibrium points, examine
their stability via eigenvalue analysis, and map out the parameter space where transient
bimodality emerges. We complement analytical insights with simulation studies under
diverse scenario settings.

3. Empirical Validation and Strategic Implications: Using case studies from multiple
sectors (e.g., electric vehicles, renewable energy technologies), we demonstrate how tran-
sient bimodality arises in real-world data and offer strategies for leveraging or mitigating
these dynamics.

The remainder of the paper is structured as follows. Section [2] briefly reviews the canon-
ical diffusion models and motivations for transient bimodality. Section [3| presents the refined
Extended Bass Model, highlighting modifications that facilitate transient bimodality. Section
describes equilibrium, stability, and sensitivity analyses. Section [5| showcases illustrative exam-
ples and real-world case studies, while Section [6] synthesizes managerial and policy implications.
Section [7] concludes with potential avenues for future research.

2 Literature Review

2.1 Classical Diffusion Models

The Bass Model [3] remains foundational in describing the temporal evolution of adoption. It
partitions the population into two segments: innovators, influenced by external factors (e.g.,
mass media), and imitators, driven by word-of-mouth interactions |1,2]. Mathematically, the
deterministic Bass Model posits:

dN (t)

— = p[M -~ N()] + q]\;é;) [M - N(®)], (1)

where N (t) is the cumulative number of adopters by time ¢, M is the maximum potential market
size, p is the coefficient of innovation (external influence), and ¢ is the coefficient of imitation
(internal influence).

Subsequent extensions include incorporating population heterogeneity, marketing mix vari-
ables, and spatial or network effects [6,12,|13]. Notably, [9] introduced a stochastic element to
capture random deviations in the adoption trajectory. However, most extant models retain an
implicit unimodality assumption, ignoring the possibility of multiple or transient peaks.
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2.2 Transient Bimodality in Diffusion

Empirical investigations, especially in technology diffusion (e.g., smartphones, renewable energy
systems, mobile apps), reveal adoption trajectories that do not always fit a single-peak S-
curve [511]. Instead, a fleeting second peak arises. This phenomenon has been loosely attributed
to:

e Two Distinct Subpopulations: Early adopters and later majority groups might re-
spond differently to mass media shocks or promotional campaigns [10,/14].

e Social Network Heterogeneity: Clusters of closely connected individuals adopt more
quickly, creating localized peaks that propagate through the network [7],15].

« Random External Interventions: Government policies, viral marketing campaigns, or
abrupt price changes can induce a secondary surge in adoption |1626].

While numerical case studies (e.g., [17,/18]) have demonstrated the plausibility of transient
bimodality, a cohesive modeling framework that pins down the mathematical underpinnings
and systematically analyzes stability conditions remains nascent.

3 Refined Extended Bass Model

We propose a stochastic extension of the Bass Model to explicitly accommodate the transiently
bimodal dynamics. Let N(t) denote the cumulative fraction (scaled by the total market size
M) of adopters at time ¢. We incorporate two drivers of adoption: word-of-mouth (WoM) and
mass media (MM), each governed by parameters subject to heterogeneity.

3.1 Model Equations

Let p(t) represent the effective external influence (mass media), and ¢(¢) denote the internal
influence (word-of-mouth). We introduce a stochastic component £(t) to capture random shocks
that may alter effective adoption rates:

dN

5 “PORL=N®O]+a@) N@)[1 = N(@B)] +£(t) [1 = N (1)) (2)

Here,
o p(t) =po + a1 X1(t),

o q(t) = qo + a2 Xs(t),

where X (t), X2(t) can be random processes (e.g., Ornstein-Uhlenbeck or Gaussian white noise)
or step functions modeling exogenous campaigns/policy changes |10} 26].

Moreover, e(t) accounts for high-frequency random shocks (mass media bursts, viral trends,
etc.). The term [1 — N(t)] ensures that the shock effect diminishes as market saturation ap-
proaches.

3.2 Heterogeneous Adopter Segments

To capture the possibility of a second, transient peak, we embed heterogeneity directly into the
population by dividing it into k segments (e.g., innovators, early adopters, early majority, late
majority, laggards). Each segment i has a fractional size w; and parameter set (p;, ¢;):

dgi = pi[wi — Ni(t)] + ¢ Ni(t) [w; — N;i(t)], 3)
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where N;(t) is the cumulative fraction of segment i. The total adoption is

Coupling among segments occurs if either external influence p; or internal influence ¢; depends
on the overall adoption or cross-segment adoption levels [4,/10]. This coupling can trigger
complex, multimodal dynamics.

3.3 Transient Bimodality Mechanism

Transient bimodality emerges when a small fraction of the population (e.g., w1 < 1) adopts
relatively quickly due to a high p; or ¢; (or both). This triggers an early peak. Subsequently,
the adoption curve slows until a second wave ignites among the majority segments (wo, ws, ... ).
Such two-phase dynamics often appear if a mass media campaign temporarily boosts adoption
in a niche group, while broader acceptance arrives later with an additional push (e.g., cost
reduction, policy incentive, or social proof from the early wave).

4 Analytical Investigation

We focus on a simplified, two-segment version to derive closed-form insights on the occurrence
and conditions of transient bimodality. Let (w1, p1,q1) and (we, p2, g2) define the segments, with
wy + wy = 1.

4.1 Equilibrium Analysis
Set the right-hand side of to zero for each segment:

pilwi — N + ¢ N [w; — Nj] =0, i=1,2. (4)

Equilibria arise when N = 0 (no adoption) or N = w; (complete adoption). Intermediate
equilibria can form if p; + ¢;IN; = 0, but for physically meaningful, nonnegative parameter
values, this is not possible. Thus, each segment’s adoption saturates or remains at zero in the
long run:

(Nikv NQ*) € {(07 0)’ (wl’o)v (vaZ)v (w17w2)}'

However, transient states in the presence of time-varying or stochastic parameters can induce
additional turning points. These can produce inflection points or local maxima in N(t¢), mani-
festing as transient bimodality.

4.2 Linear Stability Analysis

Consider small deviations around an equilibrium (N7, N3): let N; = N; — N}. Linearizing
yields a Jacobian matrix J whose eigenvalues A1, A2 determine local stability:

d (N _ (N, _ (0F1/oNy OF1 /0N,
dt \ No o Ny’ N 8F2/8N1 aFg/aNg (N*N*).
1772

If either eigenvalue is positive, the equilibrium is unstable, leading to a departure from that
point and potential dynamic evolutions such as overshoot or multiple peaks. Under specific
parameter regimes where p; > pa, g1 > ¢, or a step-change in £(t) occurs, the system can exit
the equilibrium around Ny ~ w; and re-enter a second adoption surge for N5.
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1.2 T T T T T T T T T
—— Simulated Transient Bimodality

Figure 1: Example of a simulated adoption curve N(¢) exhibiting transient bimodality. The
first peak is induced by a small segment with larger p1, g1, while the second peak corresponds
to a larger mass of late adopters with different parameter values.

4.3 Simulation and Illustration of Transient Bimodality

To visualize transient bimodality, Fig. [I| shows a sample simulation where two segments display
different adoption speeds, combined with a short-term external “shock.” The first (smaller)
segment adopts quickly, creating a local peak. Then, after a lull, a second, larger segment
adopts—resulting in a more pronounced second peak.

5 Illustrations and Case Studies

This section outlines the applicability of our extended model and the concept of transient
bimodality in real-world scenarios. We present four succinct case studies spanning different
sectors.

5.1 Case Study 1: Adoption of Electric Vehicles (EVs)

Electric vehicle markets often exhibit a small segment of environmentally conscious, tech-savvy
consumers who rapidly adopt, creating an early growth wave [20]. Broader adoption, however,
may stall until battery costs decline or charging infrastructure improves. A subsequent media
campaign, coupled with subsidy extensions, can trigger a second peak when the mainstream con-
sumer base enters, resulting in transient bimodality. Researchers such as [16] have documented
these multi-peaked trajectories in EV sales data across multiple countries.

5.2 Case Study 2: Mobile Application (App) Diffusion

Mobile apps routinely experience a brief spike in downloads upon release, driven by early enthu-
siasts and promotional hype. Adoption may then slow as early adopters move on or as novelty
wanes. A secondary wave arises if user reviews are positive and mainstream marketing broadens
the user base [?,14]. The synergy of user word-of-mouth, influencer endorsements, and targeted
digital ads is a typical catalyst for that second bump.
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5.3 Case Study 3: Renewable Energy Technologies

Renewable solutions (e.g., rooftop solar, wind turbines) encounter early adoption among niche
segments (ecologically motivated consumers, communities with incentives). The high initial cost
often deters broader uptake, leading to plateauing adoption. Over time, improved policy sup-
port, falling prices, and mass-media campaigns can re-ignite adoption in the majority segment,
manifesting as a second peak [7}/10,26].

5.4 Case Study 4: Digital Payment Solutions

Adoption patterns for digital wallets or mobile payment platforms frequently show a two-peak
pattern. Tech-focused user groups adopt quickly due to familiarity and perceived convenience
[14]. Post an initial plateau, a second expansion occurs following brand endorsements, improved
security features, or banking collaborations [18]. This progression underscores the importance
of a second marketing push to capture late adopters.

6 Discussion: Strategies to Leverage Transient Bimodality

Recognizing transient bimodality empowers organizations and policymakers to exploit these
short-lived windows of opportunity:

« Segmented Marketing and Timing: Firms can launch tailored campaigns for the
early wave (tech-savvy or environmentally conscious) and stage a second campaign for
the broader consumer base once validation by early adopters is established [11,|12].

o Policy Intervention Alignment: Governments aiming to foster social welfare innova-
tions (e.g., EVs, renewable energy) can time subsidies or awareness drives to coincide with
or immediately follow the early-adopter surge, thus boosting the secondary wave [2,3].

o Adaptive Resource Allocation: Resource-intensive pushes (advertising, influencer
partnerships) may be optimized by focusing on each wave’s tipping point. Data-driven
monitoring can reveal adoption slowdowns, prompting additional marketing or incentives
at the onset of the second wave [13}21}22].

o Risk Mitigation: Transient bimodality can introduce forecasting uncertainty; organi-
zations must monitor real-time adoption metrics to distinguish a normal plateau from a
lull before a second peak. This helps calibrate production, supply chain, and inventory
decisions [?7,23].

7 Conclusion and Future Research

This paper has advanced a refined mathematical treatment of the Extended Bass Model to
illuminate the transient bimodality phenomenon in innovation diffusion. By incorporating het-
erogeneity, stochastic parameters, and coupling among adopter segments, we provide a compre-
hensive framework that predicts and explains two (or more) peaks in adoption trajectories.

Our analytical investigation reveals how transient bimodality arises naturally under condi-
tions of population heterogeneity, short-term external shocks, or strongly distinct segment-wise
adoption parameters. Simulation experiments confirm that even brief external interventions
can induce a secondary peak, significantly altering the overall diffusion timeline.

Empirical case studies in electric vehicle adoption, mobile app diffusion, renewable energy
technologies, and digital payment systems underscore the practical relevance of transient bi-
modality. These findings invite a re-examination of standard marketing and policy approaches,
which typically assume monotonic or unimodal adoption patterns. By recognizing transient
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bimodality, stakeholders can devise segment-specific interventions, optimally time marketing
campaigns, and manage resources more effectively.

Future Directions

There are several directions to extend this research:

1. Network Structure Analysis: Incorporate explicit social network topologies (small-
world networks, scale-free networks) to explore how clustering and community structure
amplify or dampen transient bimodality [5}/15].

2. Agent-based Models: Use agent-based simulations for deeper behavioral nuances (e.g.,
peer effects, repeated interactions, network rewiring) [26].

3. Comparative Empirical Studies: Systematically compare industries and product cat-
egories to identify generalizable conditions under which transient bimodality emerges and
persists [13].

4. Dynamic Pricing Interventions: Examine how transient bimodality interacts with
price changes or dynamic incentive schemes, possibly altering equilibrium points or trig-
gering multiple waves of adoption.

In sum, transient bimodality offers a novel lens for understanding and directing innovation
diffusion in rapidly evolving markets. We hope this work inspires further theoretical and applied
explorations into this intricate, yet practically significant, phenomenon.
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