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Abstract: For a finite undirected graph G(V, E) and a non-empty set ¢ € V, the switching of G by o
is defined as the graph G?(V,E") which is obtained from G by removing all edges between o and its
complement V — ¢ and adding as edges all non-edges between ¢ and V — ¢. If G = G?, then o is called
as self switching of G and if | o |= k, then it is called as k-vertex self switching. The set of all k-vertex
self switchings of G is denoted by SS, (G) and its cardinality by ss,(G). k-vertex anti-duplication of
the k vertices v; € 0 (1 < i < k) produces a new graph G’ by adding new vertices v; (1 < i < k) such

that Ngr(v)) = [NG [vi]]c for 1 <i < k. This paper explores the characteristics of k-vertex anti-
duplication, propose the concept of k-vertex anti-duplication self switching and analyzes its associated
properties.
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Introduction

Lint and Seidel introduced the concept of
switching in 1966. For a finite undirected graph
G(V,E) and a non-empty set 0 € V, the switching
of G by o is defined as the graph G°(V, E") which is
obtained from G by removing all edges between o
and its complement IV — ¢ and adding as edges all
non-edges between o and V — o. Switching, also
known as Seidel switching or | ¢ |-vertex switching,

has been explained by Seidel [1, 6]. If o = {v} c V,
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then the corresponding switching G is called as
vertex switching and is denoted by GY. In 2007,
Jayasekaran introduced the idea of self switching
[7]. When G = G°, o is called as self switching of
G. It is sometimes referred to as | o |-vertex self
switching and if | o |= k, then it is called as k-
vertex self switching [5]. The set of all k-vertex self
switchings of G is denoted by SS,(G) and its
cardinality by ss,(G). Duplication of a vertex v of
a graph G produces a new graph G’ by adding a new
vertex v’ such that N, (v') = N;(v). Jayasekaran
and Prabavathy introduced the idea of duplication
self vertex switching [4]. A vertex v is termed
duplication self vertex switching of G when v is a
self vertex switching of the resultant graph obtained
after duplication of v. Jayasekaran and Ashwin
Shijo introduced the concept of anti-duplication of a
point and anti-duplication self vertex switching [2,
3]. Anti-duplication of a vertex v in G produces a

new graph G' by adding a new vertex v’ such that
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Ngo (') = [NG [v]]c. A vertex v is called anti-
duplication self vertex switching of a graph G if the
resultant graph obtained after anti-duplication of v

has v as a self vertex switching.

1 Preliminaries

Definition 2.1. /4] Duplication of a vertex v
of a graph G produces a new graph G' by
adding a new vertex v' such that Ng(v') =
Ng (V). In other words, a vertex v’ is said to
be duplication of v if all the vertices which
are adjacent to v in G are also adjacent to v’
inG'.

The graph obtained from G after

duplication of a vertex v is denoted as

D (vG).

Definition 2.2. /2] Anti-duplication of a
vertex v in G produces a new graph G' by

adding a new vertex v' such that Ng(v') =
c
[NG[V]] .

The graph obtained from G after anti-
duplication of the vertex v is denoted by
AD (vG).

Definition 2.3. /3] Let G be a graph and let
v’ be the anti-duplication vertex of v in
AD(vG). A vertex v is called anti-
duplication self vertex switching of a graph

G if v is a self vertex switching of AD (vG).

Notation 2.4. In this paper, we use the

following notation for our convenience.

Nglv;] = Ng(v) U {v;} where Ng(v;) is
the neighborhoods of v; in G.

Theorem 2.5. /7] Let G(V, E) be a graph and
let 0 € V be a self switching of G. Then the

number of edges between the vertices of o

k(p

andV—O'inGisT_k)wherek=|0'|.

Theorem 2.6. /5] Let G be a graph and let
o ={v,v,,..., 0} <V be a k-vertex self

switching of G. Then for k=2,
Yk dege(vy) = @ + 2(The number of

edges between the vertices of o in G).

Corollary 2.7. [5] For even order graph,

there is no odd k-vertex self switching.

2 Main Results

Definition 3.1. Let G(V,E) be a graph and
let 0 = {v{,Vy,...,0} € V(G). The k-vertex
anti-duplication of the k vertices v; (1 <i <
k) produces a new graph G' by adding new
vertices v; (1 <i < k) such that Ng(v;) =

[NG [Ui]]cfor 1<i<k

The graph obtained from G after anti-
duplication of the k vertices vy, Vs,,..., Uy is
denoted by AD({vq,v,,...,v}G)  or

AD (0G).

Example 3.2. Consider the graph G given in
figure 2.1. Let 0 = {v1,V,,V,}.
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The 3-vertex anti-duplication of o = {v1,v,,V,} is given in figure 2.2.
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Fig 2.2 AD({vy,v9,04}G)

Theorem 3.3. Let G be a graph and let o =
{vi, v ..., 1.3 € V(G). Then in G' =
AD(0G), Noo(v) NNy =¢forl <i<

k where v] is the anti-duplication vertex of v;.

Proof. let G be a graph and let o=
{vi, vy, ..., v} € V(G). Let vy, v5, ..., v}, be the
anti-duplication  vertices of v, v,,..., Vg,
respectively. Let G' = AD(0G) and let v; be any
vertex in o¢. By definition 3.1, Ng/(v]) =
Ne@) 0 [Ne[wl]" = ¢,
Ne(w) NNg W) =¢. In G', the vertex v; is

[Ng [vi]]c. Since

adjacent to the vertices in N;(v;) and the anti-
duplication vertices of @ = {v; € g : j # i and v; is
non-adjacent to v; in G}. This implies that
Ng(v) =Ng(v) U{vj:vj€o,j#i and v; is
non-adjacent to v; in G}. Now, Ng(v;)nN
Ng(v)) = [Ne(w)U{vj:v;€0,j#i and v; is
non-adjacent to v; in G}] N Ny (v)) = [Ng(v;) N
Ng(w)]U[{vj:vj€0,j#i and v; is non-
adjacent to v; in G} NNy (W) =¢ U [Ny N

{v]f :vj €0,j # 1 and v; is non-adjacent to v; in

G} =NgW)n{vj:v;€0,j#iand v is non-
adjacent to v; in G}. Since all the anti-duplication
vertices v; (1 <i < k) are not adjacent to each
otherin G', N+ (v;) does not contain v/, j # i. This
implies that Nor(vj)) N {v : v; € 0,j # i and v; is
non-adjacent to v; in G} = ¢. Hence, Ny (v;) N

Ng@)=¢for1<i<k.

Theorem 3.4. Let G be a graph and let 0 S
V(G). If no two vertices of o are adjacent to
each other in G, then AD(0G) —o = G°
where G° is the graph obtained by switching

the vertices of o in G.

Proof. let G be a graph and let o=
{vi,v5,...,v,} € V(G). Let vy, v3, ..., v be the
anti-duplication vertices of vy, v,,.., vy,
respectively. Let v; be any vertex in ¢ and let v; be
any vertex in V —a. Now, V(AD(6G) — o) =

{vi:vyeV-oju{v/:v,€0} and V(G’)

{vi:v; €0} U{v;: v; €V — g}. The graph G’

AD(0G) is obtained by adding new vertices v; (1 <
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i < k) such that N/ (v)) = [Nc[vi]]c. That is, in
AD(0G), the anti-duplication vertices v; are
adjacent only to the vertices non-adjacent to v; in G.
Since no two vertices of o are adjacent to each other
in G, they are also not adjacent to each other in G°
and by definition, the anti-duplication vertices are
not adjacent to each other in AD(aG). Now, we
define a map f:V(G°) »V(AD(6G) — o) by
fw) =v{, f()=(v). Clearly, f is an
isomorphism between G° and AD(0G) — o and

hence AD(0G) — o = G°.

Theorem 3.5. Let G be a (p, q) graph and let
o ={v,v,,...,0,} S V(G). Let vy, V5, ..., U},
be the anti-duplication vertices of v, V5, ...,
vy, respectively. Let G' = AD(oG) be a

(p',q") graph. Then

(i) degs(v)) =k—1+ number of
adjacent vertices of v; inV — o of G

(ii) For veV —o, degg; (v) =
k +number of vertices in V — o which are

adjacent to v in G

(iti) degqr(vi) =p — 1 — dege(v;)

(iv)p'=p+k

M q' =q+k@®-1) -3 dege(v).
Proof. Let G' be a graph AD(cG) with p’ vertices
and q' edges.

(1) By definition, degq(vy) =
degc (v;) +number of vertices non-adjacent to v; in
Glo] = degs(v;) + k — 1 —number of vertices
adjacent to v; in Glo] =degs(v;) +k—1-—
|Noo) (v)| = dege(v) +k — 1 - (dege(vy) —

number of vertices in V — ¢ of G which are adjacent
to v; in G). Hence, deg;'(v;) = k — 1 +number of

vertices adjacent to v; in V — ¢ of G.

(i) Let v be a vertex in V — o. By definition,

degq'(v) = degg;(v) + the number of vertices in o
which are non-adjacent to v in G = deg;(v) + k —
number of vertices in o which are adjacent to v in
G =deg;(v) + k- (degs(v) — number of
vertices in V — ¢ which are adjacent to v in G) =
k + number of vertices in V — o which are adjacent

tovinG.

(iii) Since N (v)) = [No[v]]", dege () =
NG @I = |[No[v ]| = 1V = Nelwll = p —
INg[vi]l = p — (degg(v) +1) =p -1~
dege(vy).

(iv) By definition, the graph AD (0 G) is the graph
obtained by adding k vertices v; (1 <i < k) to the
graph G. Hence, the number of vertices in AD (dG)
isp' =p+k.

(v) The number of edges in AD(cG) = The
number of edges in G + the number of edges added
after the anti-duplication of the k vertices in G. That
is, ' = q + X, deggr (v)). By (i), deggr (v)) =
p—1—degs;(v;), 1<i<k. Hence, ¢ =q+
Y (0 —1-dege(w)) =q+kp—k -
Yitidege(v) = q + k(p — 1) — Xl dege (v).

Hence the theorem.

Corollary 3.6. Let G be a graph and let v €
V(G). Let G' = AD(vG). Then for u + v,
deg;'(u) is either degs (u) ordeggs(u) + 1.

Proof. Let G be a graph and let v € V(G). Let G' =
AD(vG) and let u # v. By Theorem 3.5. (ii), we
have, deg/(u) = 1 + number of vertices in V — v
which are adjacent to u in G. If u is adjacent to v in
G, then deg;(u) =1+ degg(u) — 1 = degs(u)
and if u is not adjacent to v in G, then deg,/ (u) =

1 + deg;(u). Hence the theorem.

Result 3.7. Let G be a graph and let 0 S
V(G). Let G' = AD(0G). Then for v E o,
deggio1(v) = deggris) (V).
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Proof. Let G be a graph and let ¢ € V(G). Let v be
a vertex in ¢. By the definition of anti-duplication,
we have, G[o] = G'[g]. Hence, deg;s(v) =
degg'(s)(V)-

Definition 3.8. Let G be a graph and let o S
V be such that | o |= k. The k-vertex anti-
duplication switching o of G is the switching
of the graph AD(oG) by o. The resultant
graph is denoted by AD (6G)°.

Theorem 3.9. Let G be a graph and let o S
V be a k-vertex anti-duplication switching of
G. Let G' be the graph AD(oG)°. Then for
vEo, degy(v) =p—k+3degg(v)—
deg;(v) + 1.

Proof. Let G be a graph and let 0 € V be the k-
vertex anti-duplication switching of G. Let v be any
vertex in ¢. By definition of switching, in AD (6G)°,
the vertex v is adjacent to the vertices adjacent to v
in AD(0G)[o] and the vertices of AD(aG)[V — o]
that are non-adjacent to v in AD(0G).

M

By Result 3.7, the number of vertices adjacent to

v in AD(0oG)[o] is equal to deggs1 (V).

)

The vertices of AD(0G)[V — o] that are non-
adjacent to v in AD(oG) are the vertices of G[V —
o] that are non-adjacent to v in G and the anti-
duplication vertices that are non-adjacent to v in
AD(0G).

)

Now, the number of vertices of G[V — o] that are
non-adjacent to v in G is equal to the number of
vertices in G[V — o] —number of vertices of G[V —

o] that are adjacent to v in G.

G

The number of vertices in G[V — g] is equal to
p—k _

The number of vertices of G[V — og] that are
adjacent to v in G is equal to the number of vertices

adjacent to v in G —the number of vertices adjacent

to v in

_(©

Glo] = degg(v) — deggo1 (V).

Hence, from equation (4), (5) and (6), we have,
the number of vertices of G[V — o] that are non-
adjacent to v in G =p-—k—(degs(v)—
degero) () = p — k — degg(v) + degpo) (v).

)

Now, the number of anti-duplication vertices that
are non-adjacent to v in AD(0G) is equal to the

number of vertices adjacent to v in G[o]+1 =

deggis1(v) + 1. _®

Hence, from (3), (7) and (8), the number of
vertices of AD(agG)[V — o] that are non-adjacent to
v in AD(0G) =p — k —deg;(v) + deggis)(v) +
degioi(v) +1=p—k —deg;(v) +
2deggis1(v) + 1.

)

Thus, from (1), (2) and (9), we have, the number
of vertices adjacent to v in G' = degg5)(v) +p —
k —degs;(v) + 2 deggs)(v) + 1. That is,
degg'(v) = p —k + 3 deggs)(v) — degs(v) +
1.

Definition 3.10. Let G be a graph and let o S
V be a k-vertex anti-duplication switching of
the graph G. Then o is called as k-vertex
anti-duplication self switching of G if
AD(6G)° = AD(06G) where AD(aG) is the
graph obtained after the anti-duplication of
the k vertices in G and AD(cG)® is the
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switching graph of AD (cG) by o.

Example 3.11. Consider the graph G given in

Vo

figure 2.3. Let 0 = {v,,v,}. Here, p = 4 and
k= 2.

Ug

V4

Fig 2.3 G

The graphs AD(0G) and AD(0G)° are given in figure 2.4 and figure 2.5, respectively. Clearly, AD(cG) =

AD(6G)°. Hence, 0 is a 2-vertex anti-duplication self switching of G.

(5]

Va (2K

Ug
Fig 2.4 AD(oG)

Result 3.12. Let G(V,E) be a graph with p
vertices and let 0 €V be a k-vertex anti-
duplication self switching of G. Let G' be
AD(6G)(V',E"). Then the number of edges

between the vertices of 6 and V' — o in G' is
kp

2

Proof. Let o be a k-vertex anti-duplication self
switching of G and let G' = AD(0G). By the
definition of anti-duplication self switching, o is a
k-vertex self switching of AD(oG) and hence
AD(0G) = AD(0G)°. By Theorem 3.5. (iv), G’ has
p' =p+k vertices and by Theorem 2.5, the

number of edges between the vertices of ¢ and V' —
o in AD(oG) and in AD(cG)? is @ =
k(p+k—k) _ kp

2 T2

Fig 2.5 AD(0G)°

Result 3.13. Let G(V,E) be a graph and let
o={v,vs..., 0.3 S V(G) be a k-vertex
anti-duplication self switching of G. Then the

number of edges between the vertices of ¢ in

L1
AD(0G)? is 5 X, degaro) (V).

Proof. Let G be a graph and et

LIS V(G) be a

g =

k-vertex  anti-

vy, vy, ..
duplication self switching of G. Clearly, the number
of edges between the vertices of ¢ in AD(0G)?,
AD(0G) and G are equal. Hence, the number of

edges between the vertices of o in AD(aG)? =
1
5 Zis1 degopn ().

Theorem 3.14. Let G(V,E) be a graph with
p vertices and let 0 = {v,,V,,...,V,} SV be

a k-vertex anti-duplication self switching of
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G. Then the number of edges between the
vertices of 0 and V — o in G is k7p— k(k —

1)+ X dege 161(V0).

Proof: Let o be a k-vertex anti-duplication self
switching of G and let G' = AD(aG)(V',E'). Let
o' ={vy,v},...,v;} where v{, v}, ..., v}, are the
anti-duplication vertices of vy, v,, .., Uy,
respectively. By the definition of anti-duplication,
the number of edges between the vertices of o and
V — o in G and the number of edges between the
vertices of ¢ and V — o in G’ are equal. Since
V'(G") = V(G) U a’, the number of edges between
the vertices of 0 and V — ¢ in G’ = the number of
edges between the vertices of g and V' — g in G’ —
the number of edges between the vertices of o and
o'inG'.

0

By Result 3.12, the number of edges between the

. . kp
verticesof o and V' — o in G’ = P

)

The number of edges between the vertices of o
and ¢’ in G’ = Y ¥_, ( the number of vertices that are
non-adjacent to v; in ¢ of G). The number of
vertices that are non-adjacent to v; in 0 of G = k —
deggis1(v;) —1. Hence, the number of edges
between the vertices of ¢ and ¢’ in G' =

i1 (k—deggoy(v) — 1) = k* -
Vi1 deggro)(v) — k. _ 3

Thus from equations (1), (2) and (3), the number

of edges between the verticesof c andV — g in G =

k k
— = (k* — Tl deggjo) (v) — k) =~ — k(k —

D+Y, deggiq1(vy)-

Theorem 3.15. Let G be a graph and let 0 =

{vLve ..., } € V(G) be a k-vertex anti-

duplication  self  switching of G. Then
K

Y dege(w) =7 —k(k—1) +

2%, deggio)(v).

Proof. Let o be a k-vertex anti-duplication self
switching of G and let G' = AD(¢G). Now,
Y& degs(v;) = The number of edges between the
vertices of o and V — o in G + 2(the number of
edges between the vertices of ¢ in G). By Theorem
3.14, the number of edges between the vertices of o
and V-0 in  G="T—k(k-1)+

YK degeio)(v;). Also, the number of edges

between the vertices of o In G=
L 5k, degoin)(v). Hence, Tl degg(v) =2 -
k(k — 1) + X, degglqo)(vi) +

2 E (Z£€=1 deggiol (Ui))] = k?p —k(k—1)+

2%k de 9ele1(vi). Hence the theorem.

Remark 3.16. The converse of the above theorem
need not be true. For example, consider the graph G
given in figure 2.6. Let 0 = {v41,V,,V,}. Thenk = 3
and p=6. Now, degs(v,)+degs(vy)+
degg(v) =2+2+3="7. Also, 2 —k(k —1) +

(3)(®)
2

2 25:1 degc[a] (v) =

140)=9—-6+4=7.

—3B-1)+2(1+
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Fig 2.6 G

The graphs AD(6G) and AD(0G)? are given in figure 2.7 and 2.8, respectively. Clearly, AD(6G) # AD(cG)°.

Hence, o is not a k-vertex anti-duplication self switching of G.

U1 OF} Vg

Ua Vg Uy Vs
Fig 2.7 AD(0G)

Theorem 3.17. Let G be a graph with p vertices
and 0 = {v1,0,,...,v} € V(G) be a k-vertex anti-

duplication self switching of G. Let G' = AD(aG).
k

Then Yy deggr(v) = 7p + X deggiq) (Vi)-

Proof. Let G be a graph with p vertices and o =

{vLve ..., v} S V(G) be a
duplication self switching of G. Let G' = AD(0G)

k-vertex anti-

with p + k vertices. Then by the definition of anti-

duplication, ¢ is a k-vertex self switching of G'. By
2.6, Yk degs(vy) =

+ 2(the number of edges between the

Theorem we have,

k(p+k—k)

vertices of o in G = kz—p +
1 k

2 [} (Zk. degg'o] (Vi))] = 7p +

Zi'(=1 degG’[a] Vo).

Theorem 3.18. Let G be a graph with p vertices

!
f-‘o

Fig 2.8 AD(cG)°

and 0 = {v1,V,,...,v,} € V(G) be a k-vertex anti-

duplication self switching of G. Let G' = AD(aG).
k

Then Zé(=1 deggr(vy) = ?p + Z;c=1 degc[a] (vy).

Proof. Let G be a graph with p vertices and o =

{vLve ..., v} S V(G) be a
duplication self switching of G. Let G' = AD(cG)

k-vertex  anti-

with p + k vertices. By Theorem 3.17, we have,

k
?:1 degg(vi) = 7p + Z;{:l deggis1(vi)- By

Theorem 3.7, deggs)(vi) = deggris(vi), 1 S i <

k. Hence, X degg(v;) = "‘71’ +

Y deges (V).

Remark 3.19. The converse of the above theorem
need not be true. For example, consider the graph
given in figure 2.6. Let 0 = {v1,V,,V,}. Thenk = 3
andp = 6. The graph AD (0 G) is given in figure 2.7.
Now, YK degy(v))=3+3+5=11  Also,
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k k
7p + 35, deggr(v) = 7p + X degeio(v) =

X9} (14 1+0) = 1L The graph AD(sG)° is

given in figure 2.8. Clearly, AD(cG) % AD(aG)°.
Hence, o is not a k-vertex anti-duplication self

switching of G.

Remark 3.20. An odd order graph G has no odd

k-vertex anti-duplication self switching.

Proof. Let G be a graph with odd order p and let o
be a k-vertex anti-duplication self switching of G
where k is odd. Let G' = AD(0G). By Theorem 3.5.
(iv), G' has p’ = p + k vertices. Since both p and k
are odd, G' has even number of vertices p’. By
Theorem 2.7, G' has no odd k-vertex self switching.
Hence, G has no odd k-vertex anti-duplication self

switching.
Conclusion

The concept of k-vertex anti-duplication self
switching has been proposed and its associated

properties have been analyzed in this paper.
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