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Abstract:  Let 𝐺 =  (𝑉, 𝐸) be a simple graph.  A set 𝑆 ⊆  𝑉  is a dominating set of 𝐺, if  every vertex in 𝑉 \𝑆 is adjacent to a 

vertex in 𝑆.  A subset 𝑆 of 𝑉 is called a twain secure perfect dominating set of 𝐺 (TSPD- set)  if  every vertex 𝑣 ∈  𝑉 \𝑆 is 

adjacent to exactly one vertex 𝑢 ∈  𝑆 and (𝑆\{𝑢})  ∪  {𝑣} is a dominating set of G.  The minimum cardinality of a twain secure 

perfect dominating set of 𝐺 is called the twain secure perfect domination number of 𝐺 and is denoted by 𝛾𝑡𝑠𝑝(𝐺).  Let 

𝐷𝑡𝑠𝑝(𝑇𝑛,1, 𝑖) be the family of all twain secure perfect dominating sets of 𝑇𝑛,1 with cardinality 𝑖, for 𝛾𝑡𝑠𝑝(𝑇𝑛,1)  ≤  𝑖 ≤  𝑛.  In 

this paper, we construct all the twain secure perfect dominating sets of tadpole graphs (𝑇𝑛,1) by recursive method. 
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1. Introduction 

By a graph 𝐺 =  (𝑉, 𝐸), we mean a finite undirected 

connected graph without loops or multiple edges.  

The order and size of 𝐺 are denoted by 𝑛 and 𝑚 

respectively.  For basic definitions and 

terminologies we refer to [2].  Two vertices 𝑢 and 𝑣 

are said to be adjacent if 𝑢𝑣 is an edge of 𝐺.  The 

open neighborhood of a vertex 𝑣 in a graph 𝐺 is 

defined as the set 𝑁𝐺(𝑉)  =  {𝑢 ∈  𝑉 (𝐺) ∶  𝑢𝑣 ∈

 𝐸(𝐺)}, while the closed neighborhood of 𝑣 in 𝐺 is 

defined as 𝑁𝐺[𝑉]  =  𝑁𝐺(𝑉)  ∪ {𝑣}.   A subset 𝑆 ⊆

 𝑉 (𝐺) is called a dominating set if every vertex 𝑣 ∈

 𝑉 (𝐺) \ 𝑆 is adjacent to a vertex 𝑢 ∈  𝑆.  The 

domination number, 𝛾(𝐺), of a graph 𝐺 denotes the 

minimum cardinality of such dominating sets of 𝐺.   

A minimum dominating set of a graph 𝐺 is hence 

often called as a 𝛾 - set of 𝐺 [1].   A dominating set 

𝑆 is called a secure dominating set if for each 𝑣 ∈

 𝑉 \𝑆 there exists 𝑢 ∈  𝑁(𝑣) ∩ 𝑆 such that (𝑆\

{𝑢})  ∪  {𝑣} is a dominating set.  The secure 

domination number 𝛾𝑠(𝐺) is the minimum 

cardinality of a secure dominating set of 𝐺.  The 

concept of secure domination was introduced by 

Cockayne et al [3].   A dominating set 𝑆 is called a 

perfect dominating set if every vertex in 𝑉 \𝑆 is 

adjacent to exactly one vertex in 𝑆.  The perfect 

domination number 𝛾𝑠(𝐺)  is the minimum 

cardinality of a perfect dominating set of 𝐺.  The 

concept of perfect domination was introduced by 

Weichsel [10].  In this sequel, we introduced the 

concept of twain secure perfect domination of 

graphs.  A dominating set S is called a twain secure 

perfect dominating set of 𝐺  (TSPD-set) if for every 

vertex 𝑣 ∈  𝑉 \𝑆 is adjacent to exactly one vertex 

𝑢 ∈  𝑆 and (𝑆\{𝑢})  ∪  {𝑣} is a dominating set of 𝐺.  

The minimum cardinality of a twain secure perfect 

dominating set of 𝐺 is called the twain secure perfect 

domination number of 𝐺 and is denoted by 𝛾𝑡𝑠𝑝(𝐺).  

Let 𝐷𝑡𝑠𝑝(𝐺, 𝑖) be the family of all twain secure 

perfect dominating sets of 𝐺 with cardinality 𝑖 .  A 

tadpole 𝑇𝑚,𝑛 is a graph obtained by appending a path 

𝑃𝑛 to a cycle 𝐶𝑚 with a bridge. In particular 𝑇𝑛,1 is 

the tadpole graph with 𝑛 + 1 vertices obtained by 

joining a path 𝑃1  to a cycle 𝐶𝑛 using a bridge.  

The families of the twain secure perfect dominating 

sets of  𝑇𝑛,1 are built using a recursive techniques in 

the following section. 

For the smallest integer lower than or equal to 𝑥, we 

use ⌊𝑥⌋ as normal. We refer to the set {1, 2, ..., 𝑛} in 

this article as [𝑛]. 

2. Main Results 

The family of twain secure perfect dominating sets 

of 𝑇𝑛,1 with cardinality 𝑖 is denoted by 𝐷𝑡𝑠𝑝(𝑇𝑛,1, 𝑖).  

Also, twain secure perfect dominating sets of 𝑇𝑛,1 

will be examined. The following lemmas are 
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necessary to support the primary findings of this 

article. 

Lemma 2.1.  For every 𝑛 ≥  4, 𝛾𝑡𝑠𝑝(𝑇𝑛,1) =

{

𝑛+3

2
       𝑓𝑜𝑟    𝑛 ≡ 3(𝑚𝑜𝑑 4)

⌊
𝑛+2

2
⌋      𝑓𝑜𝑟   𝑛 ≢ 3(𝑚𝑜𝑑 4)

 

Proof.  let 𝑉 (𝑇𝑛,1)  =  {𝑣1, 𝑣2, . . . , 𝑣𝑛−1, 𝑣𝑛, 𝑣𝑛+1}.  

Now we consider four cases. 

• 𝑛 ≡  0(𝑚𝑜𝑑 4). Thus 𝑛 =  4𝑘 ≥  4. 

Then {𝑣1, 𝑣4, 𝑣5, 𝑣8, . . . ,  𝑣4𝑘−3, 𝑣4𝑘, 𝑣4𝑘+1} 

is a twain secure perfect dominating set of 

2𝑘 +  1 =  
𝑛+2

2
 vertices. 

• 𝑛 ≡  1(𝑚𝑜𝑑 4). Thus 𝑛 =  4𝑘 +  1 ≥

 5.  Then {𝑣2,  𝑣3,  𝑣6,  𝑣7, . . . , 𝑣4𝑘−1, 𝑣4𝑘+2} 

is a twain secure perfect dominating set of 

2𝑘 +  1 =  ⌊
𝑛+2

2
⌋ vertices. 

• 𝑛 ≡  2(𝑚𝑜𝑑 4). Thus 𝑛 =  4𝑘 +  2 ≥

 6.   

Then 

{𝑣1, 𝑣2, 𝑣5, 𝑣6, . . . , 𝑣4𝑘−2, 𝑣4𝑘+1, 𝑣4𝑘+2} is a 

twain secure perfect dominating set of 

2𝑘 +  2 =  
𝑛+2

2
  vertices.  

Thus, the above three cases indicates if 

𝑛 ≢  3(𝑚𝑜𝑑 4), 𝛾𝑡𝑠𝑝(𝑇𝑛,1) = ⌊
𝑛+2

2
⌋ . 

• 𝑛 ≡  3(𝑚𝑜𝑑 4).  In this case we show that 

𝛾𝑡𝑠𝑝(𝑇𝑛,1)  =  
𝑛+3

2
 .   

Let 𝑛 =  4𝑘 +  3, for some positive 

integer 𝑘. Since 

{𝑣1, 𝑣2, 𝑣3, 𝑣6, . . . , 𝑣4𝑘−1, 𝑣4𝑘+2, 𝑣4𝑘+3}  is a 

twain secure perfect dominating set with 

2𝑘 +  3 =  
𝑛+3

2
 vertices. It follows that 

𝛾𝑡𝑠𝑝(𝑇𝑛,1) = 
𝑛+3

2
 .  

Therefore from all the cases, for every 𝑛 ≥  4, 

𝛾𝑡𝑠𝑝(𝑇𝑛,1) = {

𝑛+3

2
       𝑓𝑜𝑟    𝑛 ≡ 3(𝑚𝑜𝑑 4)

⌊
𝑛+2

2
⌋      𝑓𝑜𝑟   𝑛 ≢ 3(𝑚𝑜𝑑 4)

 

Lemma 2.2.  For every 𝑛 ≥  4, 

i. If 𝑛 ≡  3(𝑚𝑜𝑑 4), then 𝐷𝑡𝑠𝑝(𝑇𝑛,1, 𝑖)  ≠  ∅ 

if and only if  
𝑛+3

2
 ≤  𝑖 ≤  𝑛 +  1. 

ii. If 𝑛 ≢  3(𝑚𝑜𝑑 4), then 𝐷𝑡𝑠𝑝(𝑇𝑛,1, 𝑖)  ≠  ∅  

if and only if ⌊
𝑛+2

2
⌋  ≤  𝑖 ≤  𝑛 +  1. 

Proof.   

i. Assume that 𝑛 ≡  3(𝑚𝑜𝑑 4). By Lemma 

2.1, 𝛾𝑡𝑠𝑝(𝑇𝑛,1) = 
𝑛+3

2
 . Obviously, the 

maximum cardinality of the twain secure 

perfect dominating set of tadpole graph 

with 𝑛 +  1 vertices is 𝑛 +  1. Therefore, 

𝐷𝑡𝑠𝑝(𝑇𝑛,1, 𝑖)  ≠  ∅ if and only if  
𝑛+3

2
 ≤

 𝑖 ≤  𝑛 +  1.  

iii. Assume that 𝑛 ≢  3(𝑚𝑜𝑑 4). By Lemma 

2.1, 𝛾𝑡𝑠𝑝(𝑇𝑛,1) = ⌊
𝑛+2

2
⌋. Obviously the 

maximum cardinality of the twain secure 

perfect dominating set of tadpole graph 

with 𝑛 +  1 vertices is 𝑛 +  1. Therefore, 

𝐷𝑡𝑠𝑝(𝑇𝑛,1, 𝑖)  ≠  ∅  if and only if ⌊
𝑛+2

2
⌋  ≤

 𝑖 ≤ 𝑛 +  1. 

Lemma 2.3. If 𝐷𝑡𝑠𝑝(𝑇𝑛,1, 𝑖)  ≠  ∅, then 

i. 𝐷𝑡𝑠𝑝(𝑇𝑛−1,1, 𝑖 − 1)  ≠  ∅, 𝐷𝑡𝑠𝑝(𝑇𝑛−2,1, 𝑖 −

1) =  ∅ and 𝐷𝑡𝑠𝑝(𝑇𝑛−4,1, 𝑖 − 2) =  ∅ if and  

            only if 𝑖 =  𝑛 +  1. 

ii. 𝐷𝑡𝑠𝑝(𝑇𝑛−1,1, 𝑖 − 1)  ≠  ∅, 𝐷𝑡𝑠𝑝(𝑇𝑛−2,1, 𝑖 −

1)  ≠  ∅ and 𝐷𝑡𝑠𝑝(𝑇𝑛−4,1, 𝑖 − 2) =  ∅ if    

            and only if 𝑖 =  𝑛. 

iii. 𝐷𝑡𝑠𝑝(𝑇𝑛−1,1, 𝑖 − 1) =  ∅, 𝐷𝑡𝑠𝑝(𝑇𝑛−2,1, 𝑖 −

1)  ≠  ∅ and 𝐷𝑡𝑠𝑝(𝑇𝑛−4,1, 𝑖 − 2)  ≠  ∅ if   

            and only if 𝑛 =  4𝑘, 𝑖 =  2𝑘 +  1, 𝑘 ∈  𝑁 . 

iv. 𝐷𝑡𝑠𝑝(𝑇𝑛−1,1, 𝑖 − 1) =  ∅, 𝐷𝑡𝑠𝑝(𝑇𝑛−2,1, 𝑖 −

1) =  ∅ and 𝐷𝑡𝑠𝑝(𝑇𝑛−4,1, 𝑖 − 2)  ≠  ∅ if and    

            only if 𝑛 =  4𝑘 +  1, 𝑖 =  2𝑘 +  1, 𝑘 ∈

 𝑁 . 

Proof.  

i. First let us assume that 𝑛 ≡

 3(𝑚𝑜𝑑 4).  

Since 𝐷𝑡𝑠𝑝(𝑇𝑛−1,1, 𝑖 − 1)  ≠  ∅, by 

Lemma 2.2,
𝑛+2

2
 ≤  𝑖 −  1 ≤  𝑛. 

Which implies 

                                                                      𝑖 ≤

 𝑛 +  1                                                               (1) 

                  Since 𝐷𝑡𝑠𝑝(𝑇𝑛−2,1, 𝑖 − 1) =  ∅ and 

𝐷𝑡𝑠𝑝(𝑇𝑛−4,1, 𝑖 − 2) =  ∅, 𝑖 −  1 >  𝑛 −  1 or     

                  𝑖 −  1 <  
𝑛+1

2
 and 𝑖 −  2 >  𝑛 −  3 or 

𝑖 −  2 <  
𝑛−1

2
.  If  − 2 <  

𝑛−1

2
 , then    

                  𝑖 <
𝑛−1

2
+ 2 =

𝑛+3

2
.  Therefore 𝑖 <  

𝑛+3

2
 

holds.  Therefore, by Lemma 2.2, 

                   𝐷𝑡𝑠𝑝(𝑇𝑛,1, 𝑖) =  ∅. Which is a 

contradiction.  So, we have 𝑖 −  1 >  𝑛 −  1. 

Which 

                 gives 
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                                                                        𝑖 ≥

 𝑛 +  1                                                             (2) 

                 From (1) and (2), 𝑖 =  𝑛 +  1. 

                         Conversely, assume that 𝑖 =  𝑛 + 1. 

That implies 𝑖 − 1 >  𝑛 − 1. By Lemma            

                 2.2, 𝐷𝑡𝑠𝑝(𝑇𝑛−2,1, 𝑖 − 1) =  ∅.  Similarly, 

𝐷𝑡𝑠𝑝(𝑇𝑛−4,1, 𝑖 − 2) =  ∅. Since 𝑖 =  𝑛 +

                   1, by Lemma 2.2, 𝐷𝑡𝑠𝑝(𝑇𝑛−1,1, 𝑖 − 1)  ≠

 ∅. 

                 Now, assume that 𝑛 ≢  3(𝑚𝑜𝑑 4). 

                 Since 𝐷𝑡𝑠𝑝(𝑇𝑛−1,1, 𝑖 − 1)  ≠  ∅, by 

Lemma 2.2, ⌊
𝑛+1

2
 ⌋  ≤  𝑖 −  1 ≤  𝑛. That gives 

                                                                         𝑖 ≤

 𝑛 +  1                                                            (3) 

                 Since 𝐷𝑡𝑠𝑝(𝑇𝑛−2,1, 𝑖 − 1) =  ∅ and 

𝐷𝑡𝑠𝑝(𝑇𝑛−4,1, 𝑖 − 2) =  ∅, 𝑖 −  1 >  𝑛 −  1  or 

                   𝑖 −  1 <  ⌊
𝑛

2
⌋ and 𝑖 −  2 >  𝑛 −  3 or 

𝑖 −  2 <  ⌊
𝑛−2

2
 ⌋. Therefore 𝑖 −  1 >  𝑛 −

                   1 or 𝑖 −  2 <  ⌊
𝑛−2

2
 ⌋. Therefore, 𝑖 <

 ⌊
𝑛+2

2
 ⌋ holds. Therefore, by Lemma 2.2,                  

                 𝐷𝑡𝑠𝑝(𝑇𝑛,1, 𝑖) =  ∅. Which is a 

contradiction. So, we have 𝑖 −  1 >  𝑛 −  1. Which 

                 gives 

                                                                        𝑖 ≥  𝑛 +  1                                                             

(4) 

                 From (3) and (4), 𝑖 =  𝑛 +  1. 

                         Conversely, assume that 𝑖 =  𝑛 + 1. 

That implies 𝑖 − 1 >  𝑛 − 1. By Lemma            

                 2.2, 𝐷𝑡𝑠𝑝(𝑇𝑛−2,1, 𝑖 − 1) =  ∅.  Similarly, 

𝐷𝑡𝑠𝑝(𝑇𝑛−4,1, 𝑖 − 2) =  ∅. Since 𝑖 =  𝑛 +

                   1, by Lemma 2.2, 𝐷𝑡𝑠𝑝(𝑇𝑛−1,1, 𝑖 − 1)  ≠

 ∅. 

 

ii. First let us assume that 𝑛 ≡

 3(𝑚𝑜𝑑 4). 

                  Since 𝐷𝑡𝑠𝑝(𝑇𝑛−1,1, 𝑖 − 1)  ≠  ∅, 

𝐷𝑡𝑠𝑝(𝑇𝑛−2,1, 𝑖 − 1)  ≠  ∅, 
𝑛+2

2
≤  𝑖 −  1 ≤  𝑛 and    

                  
𝑛+1

2
≤  𝑖 −  1 ≤  𝑛 −  1. Which implies  

𝑛+2

2
≤  𝑖 −  1 ≤  𝑛 −  1. Which gives 

                                                                         𝑖 ≤  𝑛.                                                                    

(5) 

                 Since 𝐷𝑡𝑠𝑝(𝑇𝑛−4,1, 𝑖 − 2) =  ∅, by 

Lemma 2.2, 𝑖 −  2 >  𝑛 −  3 or 𝑖 −  2 <
𝑛−1

2
 .       

                 If 𝑖 −  2 <  
𝑛−1

2
, then 𝑖 <

𝑛+3

2
. 

Therefore, 𝑖 <
𝑛+3

2
 holds. By Lemma 2.2,    

                 𝐷𝑡𝑠𝑝(𝑇𝑛,1, 𝑖) =  ∅. Which is a 

contradiction. Therefore 𝑖 −  2 >  𝑛 −  3. Which     

                 gives 

                                                                         𝑖 ≥  𝑛                                                                     

(6) 

                 From (5) and (6), 𝑖 =  𝑛. 

                         Conversely, assume that 𝑖 =  𝑛. 

Which implies 𝑖 −  2 >  𝑛 −  3. By Lemma         

                 2.2,  𝐷𝑡𝑠𝑝(𝑇𝑛−4,1, 𝑖 − 2) =  ∅. Since 𝑖 =

 𝑛, 𝑖 −  1 =  𝑛 −  1. By Lemma 2.2,   

                 𝐷𝑡𝑠𝑝(𝑇𝑛−2,1, 𝑖 − 1)  ≠  ∅.  Similarly, 

𝐷𝑡𝑠𝑝(𝑇𝑛−1,1, 𝑖 − 1)  ≠  ∅. 

                 Next assume that 𝑛 ≢  3(𝑚𝑜𝑑 4). 

                 Since 𝐷𝑡𝑠𝑝(𝑇𝑛−1,1, 𝑖 − 1)  ≠  ∅, 

𝐷𝑡𝑠𝑝(𝑇𝑛−2,1, 𝑖 − 1)  ≠  ∅, by Lemma 2.2, ⌊
𝑛+1

2
 ⌋ ≤

                   𝑖 −  1 ≤  𝑛 and ⌊
𝑛

2
 ⌋  ≤  𝑖 −  1 ≤  𝑛 −

 1. Therefore, ⌊
𝑛+1

2
 ⌋ ≤  𝑖 −  1 ≤  𝑛 − 1.    

                 That gives 

                                                                         𝑖 ≤  𝑛                                                                      

(7) 

                 Since 𝐷𝑡𝑠𝑝(𝑇𝑛−4,1, 𝑖 − 2) =  ∅, 𝑖 −  2 >

 𝑛 −  3 or 𝑖 −  2 <  ⌊
𝑛−2

2
⌋. If 𝑖 −  2 <

                   ⌊
𝑛−2

2
⌋, then 𝑖 <  ⌊

𝑛+2

2
 ⌋ holds. Therefore, 

by Lemma 2.2, 𝐷𝑡𝑠𝑝(𝑇𝑛,1, 𝑖) =  ∅. Which                    

                 is a contradiction. Therefore 𝑖 −  2 >

 𝑛 −  3. Which gives 

                                                                         𝑖 ≥

 𝑛                                                                      (8) 

  From (7) and (8), 𝑖 =  𝑛.   

   Conversely, assume that 𝑖 =  𝑛. Which implies 

𝑖 −  2 >  𝑛 −  3. By Lemma         

                 2.2,  𝐷𝑡𝑠𝑝(𝑇𝑛−4,1, 𝑖 − 2) =  ∅. Since 𝑖 =

 𝑛, 𝑖 −  1 =  𝑛 −  1. By Lemma 2.2,   
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                 𝐷𝑡𝑠𝑝(𝑇𝑛−2,1, 𝑖 − 1)  ≠  ∅.  Similarly, 

𝐷𝑡𝑠𝑝(𝑇𝑛−1,1, 𝑖 − 1)  ≠  ∅. 

iii. Let us consider 𝑛 ≡  0(𝑚𝑜𝑑 4).  

Since 𝐷𝑡𝑠𝑝(𝑇𝑛−1,1, 𝑖 − 1) =  ∅, 𝑖 −

 1 >  𝑛 or 𝑖 −  1 <  ⌊
𝑛+1

2
 ⌋.  If 𝑖 −

 1 >  𝑛, then 𝑖 >  𝑛 +  1.  By Lemma 

2.2, 𝐷𝑡𝑠𝑝(𝑇𝑛,1, 𝑖) =  ∅.  Which is a 

contradiction. So 𝑖 −  1 <  ⌊
𝑛+1

2
 ⌋.   

Which implies 

                                                                        𝑖 <

 ⌊
𝑛+1

2
⌋ + 1                                                         (9) 

  Since 𝐷𝑡𝑠𝑝(𝑇𝑛−2,1, 𝑖 − 1)  ≠  ∅ and 

𝐷𝑡𝑠𝑝(𝑇𝑛−4,1, 𝑖 − 2)  ≠  ∅, ⌊
𝑛

2
⌋ ≤  𝑖 −  1 ≤

                     𝑛 −  1 and ⌊
𝑛−2

2
⌋  ≤  𝑖 −  2 ≤  𝑛 −  3. 

That gives ⌊
𝑛

2
⌋  ≤  𝑖 −  1 ≤  𝑛 −  2.       

                  Which implies, 

                                                             ⌊
𝑛

2
⌋ + 1 ≤

 𝑖 ≤  𝑛 −  1                                                        (10) 

                  From (9) and (10), ⌊
𝑛

2
⌋ + 1 ≤  𝑖 <

 ⌊
𝑛+1

2
⌋ + 1. Which gives 𝑛 =  4𝑘, 𝑖 =  2𝑘 +

                    1, for some 𝑘 ∈  𝑁 . 

                             Conversely, assume that 𝑛 =

 4𝑘, 𝑖 =  2𝑘 + 1, for some 𝑘 ∈  𝑁. Now,      

                     𝛾𝑡𝑠𝑝(𝑇𝑛−1, 1)  = ⌊
𝑛+1

2
⌋  =  ⌊

4𝑘+1

2
 ⌋  =

 ⌊2𝑘 +
1

2
 ⌋  =  ⌊𝑖 − 

1

2
 ⌋  >  𝑖 >  𝑖 −  1.  

Therefore,  𝑖 −  1 <  ⌊
𝑛+1

2
 ⌋. By Lemma 

2.2,  𝐷𝑡𝑠𝑝(𝑇𝑛−1,1, 𝑖 − 1) =  ∅. 

  Now, 𝛾𝑡𝑠𝑝(𝑇𝑛−4, 1) =  ⌊
𝑛−2

2
 ⌋ =  ⌊

4𝑘−2

2
 ⌋ =  ⌊2𝑘 −

 1⌋ =  ⌊2𝑘 +  1 −  2⌋ =                       ⌊𝑖 −  2⌋  =

𝑖 −  2.  Therefore, 𝑖 −  2 =  ⌊
𝑛−2

2
⌋. By Lemma 2.2, 

𝐷𝑡𝑠𝑝(𝑇𝑛−4,1, 𝑖 −                       2)  ≠  ∅. Similarly, 

𝐷𝑡𝑠𝑝(𝑇𝑛−2,1, 𝑖 − 1)  ≠  ∅. 

iv. Let us consider 𝑛 ≡  1(𝑚𝑜𝑑 4). 

                  Since 𝐷𝑡𝑠𝑝(𝑇𝑛−1,1, 𝑖 − 1) =  ∅ and 

𝐷𝑡𝑠𝑝(𝑇𝑛−2,1, 𝑖 − 1) =  ∅, 𝑖 −  1 <  ⌊
𝑛+1

2
⌋ or 

                    𝑖 −  1 >  𝑛 and 𝑖 −  1 <  ⌊
𝑛

2
 ⌋ or 𝑖 −

 1 >  𝑛 −  1. Therefore 𝑖 −  1 >  𝑛 or  

                  𝑖 − 1 <  ⌊
𝑛

2
 ⌋. If 𝑖 −  1 >  𝑛, then 𝑖 >

 𝑛 +  1. By Lemma 2.2, 𝐷𝑡𝑠𝑝(𝑇𝑛,1, 𝑖) =

                   ∅. Which is a contradiction. So, 

                                                               𝑖 −  1 <

 ⌊
𝑛

2
 ⌋                                                          (11) 

                 Since 𝐷𝑡𝑠𝑝(𝑇𝑛−4,1, 𝑖 − 2)  ≠  ∅, by 

Lemma 2.2, ⌊
𝑛−2

2
⌋  ≤  𝑖 −  2 ≤  𝑛 −  3. Which 

                 gives 

                                                                     ⌊
𝑛−2

2
⌋ + 1 ≤

 𝑖 −  1 ≤  𝑛 −  2                                (12) 

                 From (11) and (12), ⌊
𝑛−2

2
⌋ + 1 ≤  𝑖 −  1 

<  ⌊
𝑛

2
 ⌋. That implies ⌊

𝑛−2

2
⌋ + 2 ≤  𝑖 <

                   ⌊
𝑛

2
 ⌋ + 1. Which gives 𝑛 =  4𝑘 +  1, 𝑖 =

 2𝑘 +  1, for some 𝑘 ∈  𝑁 . 

                            Conversely, assume that 𝑛 =

 4𝑘 +  1, 𝑖 =  2𝑘 +  1, for some 𝑘 ∈  𝑁 .   

                 Now, 𝛾𝑡𝑠𝑝(𝑇𝑛−1,1)  =  ⌊
𝑛+1

2
 ⌋  =

 ⌊
4𝑘+2

2
 ⌋  =  ⌊2𝑘 +  1⌋  =  𝑖 >  𝑖 −  1. Therefore,   

                 𝑖 −  1 <  ⌊
𝑛+1

2
⌋. By Lemma 2.2, 

𝐷𝑡𝑠𝑝(𝑇𝑛−1,1, 𝑖 − 1) =  ∅. Similarly, 

                   𝐷𝑡𝑠𝑝(𝑇𝑛−2,1, 𝑖 − 1) =  ∅. 

                 Now, 𝛾𝑡𝑠𝑝(𝑇𝑛−4,1)  =  ⌊
𝑛−2

2
 ⌋  =

 ⌊
4𝑘+1−2

2
 ⌋  =  ⌊

4𝑘−1

2
 ⌋  =  ⌊2𝑘 −

1

2
 ⌋  =  ⌊2𝑘 + 1 −

                   
3

2
⌋ = ⌊𝑖 − 

3

2
 ⌋  ≤  𝑖 −  2. By Lemma 2.2, 

𝐷𝑡𝑠𝑝(𝑇𝑛−4,1, 𝑖 − 2) ≠  ∅. 

Theorem 2.4.  For every 𝑛 ≥  8, 

i.  If 𝐷𝑡𝑠𝑝(𝑇𝑛−1,1, 𝑖 − 1)  ≠  ∅, 

𝐷𝑡𝑠𝑝(𝑇𝑛−2,1, 𝑖 − 1) =  ∅ and 

𝐷𝑡𝑠𝑝(𝑇𝑛−4,1, 𝑖 − 2) =  ∅ 

                   then 𝐷𝑡𝑠𝑝(𝑇𝑛,1, 𝑖) =  {[𝑛 +  1]}. 

ii.  If 𝐷𝑡𝑠𝑝(𝑇𝑛−1,1, 𝑖 − 1)  ≠  ∅, 

𝐷𝑡𝑠𝑝(𝑇𝑛−2,1, 𝑖 − 1)  ≠  ∅ and 

𝐷𝑡𝑠𝑝(𝑇𝑛−4,1, 𝑖 − 2) =  ∅, then 

𝐷𝑡𝑠𝑝(𝑇𝑛,1, 𝑖) =  {[𝑛]}. 

iii.  If 𝐷𝑡𝑠𝑝(𝑇𝑛−1,1, 𝑖 − 1) =  ∅, 

𝐷𝑡𝑠𝑝(𝑇𝑛−2,1, 𝑖 − 1)  ≠  ∅ and 

𝐷𝑡𝑠𝑝(𝑇𝑛−4,1, 𝑖 − 2)  ≠  ∅, then 

𝐷𝑡𝑠𝑝(𝑇𝑛,1, 𝑖) =  {{1, 4, 5, 8, 9, . . . , 𝑛 −

4, 𝑛 − 3, 𝑛, 𝑛 + 1}, 
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{3, 4, 7, 8, 9, . . . , 𝑛 − 4, 𝑛 −  1, 𝑛, 𝑛 +

 1}}. 

iv. If 𝐷𝑡𝑠𝑝(𝑇𝑛−1,1, 𝑖 − 1) =  ∅, 

𝐷𝑡𝑠𝑝(𝑇𝑛−2,1, 𝑖 − 1) =  ∅ and 

𝐷𝑡𝑠𝑝(𝑇𝑛−4,1, 𝑖 − 2)  ≠  ∅, 

then 𝐷𝑡𝑠𝑝(𝑇𝑛,1, 𝑖) =

 {{1, 4, 5, 8, 9, . . . , , 𝑛 −  3, 𝑛 −  1, 𝑛}, 

{2, 3, 6, 7, 10, . . . , 𝑛 − 3, 𝑛 −  2, 𝑛 +

 1}}.  

v. If 𝐷𝑡𝑠𝑝(𝑇𝑛−1,1, 𝑖 − 1)  ≠  ∅ and 

𝐷𝑡𝑠𝑝(𝑇𝑛−4,1, 𝑖 − 2)  ≠  ∅ then 

𝐷𝑡𝑠𝑝(𝑇𝑛,1, 𝑖) = {{𝑋 ∪ {𝑛 + 1} if 𝑋 

ends with 𝑛} ∪ {𝑋 ∪ {𝑛} if 𝑋 ends with 

𝑛 − 1} ∪ {𝑋\{𝑛} ∪ {𝑛 − 2, 𝑛 + 1} if 𝑋 

ends with 𝑛 and 𝑋 starts with 2} ∪

{𝑌 ∪ {𝑛, 𝑛 + 1} if 𝑌 starts with 1 and 

ends with 𝑛 − 3} ∪ {𝑌 ∪ {𝑛 − 1, 𝑛} if 

𝑌 ends with 𝑛 − 4} ∪ {𝑌 ∪ {𝑛 −

2, 𝑛 + 1} if 𝑌 starts with 2 and ends 

with 𝑛 −  3}  ∪  {𝑌 \{𝑛 −  3}  ∪

 {𝑛 −  1, 𝑛, 𝑛 +  1} if 𝑌 starts with 3 

ends with 𝑛 −  3}}, where 𝑋 ∈

 𝐷𝑡𝑠𝑝(𝑇𝑛−1,1, 𝑖 − 1), 𝑌 ∈

𝐷𝑡𝑠𝑝(𝑇𝑛−4,1, 𝑖 − 2). 

Proof.  

i. Since 𝐷𝑡𝑠𝑝(𝑇𝑛−1,1, 𝑖 − 1)  ≠  ∅, 

𝐷𝑡𝑠𝑝(𝑇𝑛−2,1, 𝑖 − 1) =  ∅ and 

𝐷𝑡𝑠𝑝(𝑇𝑛−4,1, 𝑖 − 2) =  ∅, by Lemma 

2.3(𝑖), 𝑖 =  𝑛 +  1. We know that for any 

𝐺 =  (𝑉 , 𝐸), 𝑉 (𝐺) is always a twain 

secure perfect dominating set. Hence 

𝐷𝑡𝑠𝑝(𝑇𝑛,1, 𝑛 + 1) =  {[𝑛 +  1]}. Thus 

𝐷𝑡𝑠𝑝(𝑇𝑛,1, 𝑖) =  {[𝑛 +  1]}. 

ii. Since 𝐷𝑡𝑠𝑝(𝑇𝑛−1,1, 𝑖 − 1)  ≠  ∅, 

𝐷𝑡𝑠𝑝(𝑇𝑛−2,1, 𝑖 − 1)  ≠  ∅ and 

𝐷𝑡𝑠𝑝(𝑇𝑛−4,1, 𝑖 − 2) =  ∅, by Lemma 

2.3(𝑖𝑖), 𝑖 =  𝑛. By the definition of twain 

secure perfect dominating set if we choose 

𝑛 vertices from 𝑛 +  1 vertices the only 

possible set is {1, 2, 3, . . . , 𝑛} simply say 

[𝑛]. Hence 𝐷𝑡𝑠𝑝(𝑇𝑛,1, 𝑛) =  {[𝑛]}. Thus 

𝐷𝑡𝑠𝑝(𝑇𝑛,1, 𝑖) = {[𝑛]}. 

iii. Since 𝐷𝑡𝑠𝑝(𝑇𝑛−1,1, 𝑖 − 1) =  ∅, 

𝐷𝑡𝑠𝑝(𝑇𝑛−2,1, 𝑖 − 1)  ≠  ∅ and 

𝐷𝑡𝑠𝑝(𝑇𝑛−4,1, 𝑖 − 2)  ≠  ∅, by Lemma 

2.3(𝑖𝑖𝑖), 𝑛 =  4𝑘, 𝑖 =  2𝑘 +  1, 𝑘 ∈  𝑁 . 

Clearly the sets {1, 4, 5, 8, 9, . . . , 𝑛 −

 4, 𝑛 −  3, 𝑛, 𝑛 +  1} and 

{3, 4, 7, 8, 9, . . . , 𝑛 −  4, 𝑛 −  1, 𝑛, 𝑛 + 1} 

has 
𝑛+2

2
 elements. By the definition of twain 

secure perfect domination of tadpole graph 

1, 4, 5 cover all the vertices up to 5 and 

3, 4, 5 cover all the vertices up to 5 for 𝑛 +

 1 =  5. Proceeding like this we obtain that 

{1, 4, 5, 8, 9, . . . , 𝑛 −  4, 𝑛 −  3, 𝑛, 𝑛 +

 1}, {3, 4, 7, 8, 9, . . . , 𝑛 −  4, 𝑛 −  1, 𝑛, 𝑛 +

 1} cover all the vertices up to 𝑛 +  1. The 

other sets with cardinality 
𝑛+2

2
 =  3 are 

{1, 2, 5}, {1, 3, 4}, etc. In the set {1, 2, 5}, the 

vertex 4 is adjacent to 2 and 5. In the set 

{1, 3, 4} the vertex 2 is adjacent to 1 and 3. 

These sets are not satisfied the twain secure 

perfect domination. So, the only sets 

{1, 4, 5, 8, 9, . . . , 𝑛 −  4, 𝑛 −  3, 𝑛, 𝑛 +  1} 

and {3, 4, 7, 8, 9, . . . , 𝑛 −  4, 𝑛 −  1, 𝑛, 𝑛 +

 1} are twain secure perfect dominating 

sets. 

iv. Since 𝐷𝑡𝑠𝑝(𝑇𝑛−1,1, 𝑖 − 1) =  ∅, 

𝐷𝑡𝑠𝑝(𝑇𝑛−2,1, 𝑖 − 1) =  ∅ and 

𝐷𝑡𝑠𝑝(𝑇𝑛−4,1, 𝑖 − 2)  ≠  ∅, by Lemma 

2.4(𝑖𝑣), 𝑛 =  4𝑘 +  1, 𝑖 =  2𝑘 +  1. 

Clearly the sets {1, 4, 5, 8, 9, . . . , 𝑛 −

 3, 𝑛 −  1, 𝑛} and {2, 3, 6, 7, 10, . . . , 𝑛 −

 3, 𝑛 −  2, 𝑛 +  1} has 
𝑛+1

2
 elements. By 

the definition of twain secure perfect 

domination of tadpole graph 1, 4, 5 and 

2, 3, 6 cover all the vertices up to 6. 

Proceeding like this we obtain that 

{1, 4, 5, 8, 9, . . . , 𝑛 − 3, 𝑛 − 1, 𝑛} and 

{2, 3, 6, 7, 10, . . . , 𝑛 − 3, 𝑛 − 2, 𝑛 + 1} 

cover all the vertices up to 𝑛 +  1. The 

other sets with cardinality 
𝑛+1

2
 =  5 are 

{1, 2, 3, 8, 9}, etc. In the set {1, 2, 3, 8, 9} is 

not a dominating set. The only sets 

{1, 4, 5, 8, 9, . . . , 𝑛 − 3, 𝑛 − 1, 𝑛} and 

{2, 3, 6, 7, 10, . . . , 𝑛 − 3, 𝑛 − 2, 𝑛 + 1} are 

twain secure perfect dominating sets. 

v. Construction of 𝐷𝑡𝑠𝑝(𝑇𝑛,1, 𝑖) follows from 

𝐷𝑡𝑠𝑝(𝑇𝑛−1,1, 𝑖 − 1) and 𝐷𝑡𝑠𝑝(𝑇𝑛−4,1, 𝑖 − 2).  

Let 𝑋 be a twain secure perfect dominating 

set of 𝑇𝑛−1,1 with cardinality 𝑖 −  1. The 

elements of 𝐷𝑡𝑠𝑝(𝑇𝑛−1,1, 𝑖 − 1) ends with 𝑛 

or 𝑛 −  1. 

 If 𝑛 − 1 ∈  𝑋 and 𝑛 ∉  𝑋, then the elements 

of 𝐷𝑡𝑠𝑝(𝑇𝑛−1,1, 𝑖 − 1) belongs to 

𝐷𝑡𝑠𝑝(𝑇𝑛,1, 𝑖) by adjoining 𝑛. 
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 If 𝑛 ∈  𝑋 and the set 𝑋 starts with the vertex 

2, then we removed the vertex 𝑛 from 

𝐷𝑡𝑠𝑝(𝑇𝑛−1,1, 𝑖 − 1) and adjoin the vertices 

𝑛 −  2  and 𝑛 +  1 in 𝐷𝑡𝑠𝑝(𝑇𝑛−1,1, 𝑖 − 1). 

Now the elements of  𝐷𝑡𝑠𝑝(𝑇𝑛−1,1, 𝑖 − 1) 

belongs to 𝐷𝑡𝑠𝑝(𝑇𝑛,1, 𝑖). 

 If 𝑛 ∈  𝑋 and the set 𝑋 does not start with the 

vertex 2, then the elements of 

𝐷𝑡𝑠𝑝(𝑇𝑛−1,1, 𝑖 − 1) belongs to 𝐷𝑡𝑠𝑝(𝑇𝑛,1, 𝑖) 

by adjoining 𝑛 + 1. 

Let 𝑌 be a twain secure perfect dominating set of 

𝑇𝑛−4,1 with cardinality 𝑖 − 2.    

  The elements of 𝐷𝑡𝑠𝑝(𝑇𝑛−4,1, 𝑖 − 2) ends with 𝑛 −

 4 or 𝑛 −  3. If 𝑛 −  4 ∈  𝑌    

  and  − 3 ∉  𝑌 , then the elements of 

𝐷𝑡𝑠𝑝(𝑇𝑛−4,1, 𝑖 − 2) belongs to 

                     𝐷𝑡𝑠𝑝(𝑇𝑛,1, 𝑖)   by adjoining 𝑛 −  1 and 𝑛. 

If 𝑛 −  3 ∈  𝑌 , then we consider three cases. 

 Suppose 1 ∉  𝑌 , 2 ∉  𝑌 and the set 𝑌 starts 

with the vertex 3, then we removed the vertex 

𝑛 −  3 from 𝐷𝑡𝑠𝑝(𝑇𝑛−4,1, 𝑖 − 2) and adjoin 

the vertices 𝑛 −  1, 𝑛 and 𝑛 +  1 in 

𝐷𝑡𝑠𝑝(𝑇𝑛−4,1, 𝑖 − 2). Now the elements of 

𝐷𝑡𝑠𝑝(𝑇𝑛−4,1, 𝑖 − 2) belongs to 𝐷𝑡𝑠𝑝(𝑇𝑛,1, 𝑖).  

 Suppose 1 ∉  𝑌 and the set 𝑌 starts with the 

vertex 2, then the elements of 

𝐷𝑡𝑠𝑝(𝑇𝑛−4,1, 𝑖 − 2) belongs to 𝐷𝑡𝑠𝑝(𝑇𝑛,1, 𝑖) 

by adjoining 𝑛 −  2 and 𝑛 +  1. 

 Suppose the set 𝑌 starts with the vertex 1, 

then the elements of 𝐷𝑡𝑠𝑝(𝑇𝑛−4,1, 𝑖 − 2) 

belongs to 𝐷𝑡𝑠𝑝(𝑇𝑛,1, 𝑖) by adjoining 𝑛 and 

𝑛 +  1. 

Thus, {{𝑋 ∪ {𝑛 + 1} if 𝑋 ends with 𝑛} ∪ {𝑋 ∪ {𝑛} if 

𝑋 ends with 𝑛 − 1} ∪                    {𝑋\{𝑛} ∪ {𝑛 −

2, 𝑛 + 1} if 𝑋 ends with 𝑛 and 𝑋 starts with 2} ∪

{𝑌 ∪ {𝑛, 𝑛 + 1} if     

                  𝑌 starts with 1 and ends with 𝑛 − 3} ∪

{𝑌 ∪ {𝑛 − 1, 𝑛} if 𝑌 ends with 𝑛 − 4} ∪

                    {𝑌 ∪ {𝑛 − 2, 𝑛 + 1} if 𝑌 starts with 2 

and ends with 𝑛 −  3}  ∪  {𝑌 \{𝑛 −  3}  ∪

                    {𝑛 − 1, 𝑛, 𝑛 +  1} if 𝑌 starts with 3 ends 

with 𝑛 −  3}} ⊆ 𝐷𝑡𝑠𝑝(𝑇𝑛,1, 𝑖).          (13) 

Conversely, Suppose 𝑍 ∈

 𝐷𝑡𝑠𝑝(𝑇𝑛,1, 𝑖). Here all the elements of 

𝐷𝑡𝑠𝑝(𝑇𝑛,1, 𝑖)          

                  ends with 𝑛 or 𝑛 +  1. 

                  If 𝑛 ∈  𝑍 and 𝑛 +  1 ∉  𝑍, then at least 

one vertex labeled 𝑛 −  2 or 𝑛 −  1. 

 Suppose 𝑛 −  1 ∈  𝑍, 𝑛 −

 2 ∈  𝑍, then 𝑍 =  𝑋 ∪ {𝑛}, 

for some 𝑋 ∈

 𝐷𝑡𝑠𝑝(𝑇𝑛−1,1, 𝑖 − 1). 

 Suppose 𝑛 −  1 ∈  𝑍, 𝑛 −

 2 ∉  𝑍, then 𝑍 =  𝑌 ∪

 {𝑛 −  1, 𝑛}, for some 𝑌 ∈

 𝐷𝑡𝑠𝑝(𝑇𝑛−4,1, 𝑖 − 2) . 

                 If 𝑛 +  1 ∈  𝑍, then at least one vertex 

labeled 𝑛 or 𝑛 −  1 or 𝑛 −  2 or 𝑛 −  3 or                

                 𝑛 −  4. 

 Suppose 𝑛 ∈  𝑍, 𝑛 −  1 ∈  𝑍, 𝑛 −  2 ∈  𝑍, 

then 𝑍 =  𝑋 ∪ {𝑛 +  1}, for some 𝑋 ∈ 

𝐷𝑡𝑠𝑝(𝑇𝑛−1,1, 𝑖 − 1).  

 Suppose 𝑛 ∉  𝑍, 𝑛 −  2 ∈  𝑍, 𝑛 −  3 ∈

 𝑍, 𝑛 −  4 ∈  𝑍, then 𝑍\{𝑛 −  2}  =  𝑋 ∪

 {𝑛, 𝑛 +  1}, for some 𝑋 ∈ 𝐷𝑡𝑠𝑝(𝑇𝑛−1,1, 𝑖 −

1). 

 Suppose 𝑛 ∉  𝑍, 𝑛 −  2 ∈  𝑍, 𝑛 −  3 ∈

 𝑍, 𝑛 −  4 ∉  𝑍, then 𝑍 =  𝑌 ∪ {𝑛 −

 2, 𝑛 +  1}, for some 𝑌 ∈ 𝐷𝑡𝑠𝑝(𝑇𝑛−4,1, 𝑖 −

2). 

 Suppose 𝑍 starts with the vertex 1 and 𝑛 ∈

 𝑍, 𝑛 −  3 ∈  𝑍, 𝑛 −  1 ∉  𝑍, 𝑛 −  2 ∉  𝑍, 

then 𝑍 =  𝑌 ∪  {𝑛, 𝑛 +  1}, for some 𝑌 ∈ 

𝐷𝑡𝑠𝑝(𝑇𝑛−4,1, 𝑖 − 2). 

 Suppose 𝑍 starts with the vertex 1 and 𝑛 ∈

 𝑍, 𝑛 −  1 ∈  𝑍, 𝑛 −  2 ∉  𝑍, 𝑛 −  3 ∉  𝑍, 

then 𝑍 =  𝑋 ∪ {𝑛 +  1}, for some 𝑋 ∈ 

𝐷𝑡𝑠𝑝(𝑇𝑛−1,1, 𝑖 − 1). 

 Suppose 𝑍 starts with the vertex 3 and 𝑛 ∈

 𝑍, 𝑛 −  1 ∈  𝑍, 𝑛 −  2 ∉  𝑍, 𝑛 −  3 ∉  𝑍, 

then 𝑍\{𝑛 −  1}  =  𝑌 ∪ {𝑛 −  3, 𝑛, 𝑛 +

 1}, for some 𝑌 ∈ 𝐷𝑡𝑠𝑝(𝑇𝑛−4,1, 𝑖 − 2).

  

Thus, 𝐷𝑡𝑠𝑝(𝑇𝑛,1, 𝑖) ⊆ {{𝑋 ∪ {𝑛 + 1} if 𝑋 ends with 

𝑛} ∪ {𝑋 ∪ {𝑛} if 𝑋 ends with 

𝑛 − 1} ∪ {𝑋\{𝑛} ∪ {𝑛 − 2, 𝑛 + 1} if 𝑋 ends with 𝑛 

and 𝑋 starts with 2} ∪ {𝑌 ∪                    {𝑛, 𝑛 + 1} if 

𝑌 starts with 1 and ends with 𝑛 − 3} ∪ {𝑌 ∪ {𝑛 −

1, 𝑛} if 𝑌 ends with                      𝑛 − 4} ∪ {𝑌 ∪ {𝑛 −

2, 𝑛 + 1} if 𝑌 starts with 2 and ends with 𝑛 −

 3}    {𝑌 \{𝑛 −  3}  ∪  {𝑛 −  1, 𝑛, 𝑛 +  1} if 𝑌 starts 

with 3 ends with 𝑛 −  3}}.        (14) 
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From (13) and (14), 

𝐷𝑡𝑠𝑝(𝑇𝑛,1, 𝑖) = {{𝑋 ∪ {𝑛 + 1} if 𝑋 ends with 𝑛} ∪

{𝑋 ∪ {𝑛} if 𝑋 ends with 𝑛 − 1} ∪ {𝑋\{𝑛} ∪ {𝑛 −

2, 𝑛 + 1} if 𝑋 ends with 𝑛 and 𝑋 starts with 2} ∪

{𝑌 ∪ {𝑛, 𝑛 + 1} if 𝑌 starts with 1 and ends with 𝑛 −

3} ∪ {𝑌 ∪ {𝑛 − 1, 𝑛} if 𝑌 ends with 𝑛 − 4} ∪ {𝑌 ∪

{𝑛 − 2, 𝑛 + 1} if 𝑌 starts with 2 and ends with 𝑛 −

 3}  ∪  {𝑌 \{𝑛 −  3}  ∪  {𝑛 −  1, 𝑛, 𝑛 +  1} if 𝑌 

starts with 3 ends with 𝑛 −  3}}, where 𝑋 ∈

 𝐷𝑡𝑠𝑝(𝑇𝑛−1,1, 𝑖 − 1), 𝑌 ∈  𝐷𝑡𝑠𝑝(𝑇𝑛−4,1, 𝑖 − 2). 

3. Conclusion 

This paper discusses and analyses the twain secure 

perfect dominating sets of 𝑇𝑛,1. Using recursive 

method, we constructed the twain secure perfect 

dominating sets of 𝑇𝑛,1. 
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