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Abstract: Let G = (V,E) be a simple graph. AsetS S V is a dominating set of G, if every vertex in V' \S is adjacent to a
vertex in S. A subset S of V is called a twain secure perfect dominating set of G (TSPD- set) if every vertex v € V' \S is
adjacent to exactly one vertex u € S and (S\{u}) U {v}is a dominating set of G. The minimum cardinality of a twain secure
perfect dominating set of G is called the twain secure perfect domination number of G and is denoted by y;s,(G). Let

Disp(Ty,1, 1) be the family of all twain secure perfect dominating sets of T}, ; with cardinality i, for y;s,(Ty1) < @ < n. In

this paper, we construct all the twain secure perfect dominating sets of tadpole graphs (T, ;) by recursive method.
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1. Introduction

Byagraph G = (V, E), we mean a finite undirected
connected graph without loops or multiple edges.
The order and size of G are denoted by n and m
respectively. For basic definitions and
terminologies we refer to [2]. Two vertices u and v
are said to be adjacent if uv is an edge of G. The
open neighborhood of a vertex v in a graph G is
defined as the set N;(V) = {u € V(G): uv €
E(G)}, while the closed neighborhood of v in G is
defined as N;[V] = Ng(V) U {v}. AsubsetS C
V (G) is called a dominating set if every vertex v €
V (G)\S is adjacent to a vertex u € S. The
domination number, y(G), of a graph G denotes the
minimum cardinality of such dominating sets of G.
A minimum dominating set of a graph G is hence
often called as a y - set of G [1]. A dominating set
S is called a secure dominating set if for each v €
V\S there exists u € N(v) NS such that (S\
{u}) U {v} is a dominating set. The secure
domination number Y¥;(G) is the minimum
cardinality of a secure dominating set of G. The
concept of secure domination was introduced by
Cockayne et al [3]. A dominating set S is called a
perfect dominating set if every vertex in V\S is
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adjacent to exactly one vertex in S. The perfect
domination number ¥,(G) is the minimum
cardinality of a perfect dominating set of G. The
concept of perfect domination was introduced by
Weichsel [10]. In this sequel, we introduced the
concept of twain secure perfect domination of
graphs. A dominating set S is called a twain secure
perfect dominating set of G (TSPD-set) if for every
vertex v € V'\S is adjacent to exactly one vertex
u € Sand (S\{u}) U {v}isadominating set of G.
The minimum cardinality of a twain secure perfect
dominating set of G is called the twain secure perfect
domination number of G and is denoted by 4, (G).
Let Dy, (G,i) be the family of all twain secure
perfect dominating sets of G with cardinality i. A
tadpole T, , is a graph obtained by appending a path
B, to a cycle C,,, with a bridge. In particular T}, ; is
the tadpole graph with n + 1 vertices obtained by
joining a path P; to a cycle C, using a bridge.

The families of the twain secure perfect dominating
sets of T, ; are built using a recursive techniques in
the following section.

For the smallest integer lower than or equal to x, we
use | x| as normal. We refer to the set {1, 2, ..., n} in
this article as [n].

2. Main Results
The family of twain secure perfect dominating sets
of Ty, ; with cardinality i is denoted by Dygp, (T 1, ©)-

Also, twain secure perfect dominating sets of T, ;
will be examined. The following lemmas are
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necessary to support the primary findings of this
article.

Lemma 2.1. For every n = 4, Vtsp(Tn,1)=

n+3

- for n=3(mod4)
lnTHJ for n # 3(mod 4)

Proof. let V (Ty,1) = {v1,V2, ..., Vpno1, V) V1 }-
Now we consider four cases.

e n = 0(mod4). Thus n = 4k = 4.
Then {vy,v4,Vs, Vg, ..., Vak-3, Var Var+1}
is a twain secure perfect dominating set of

2k + 1 = nTJrzvertices.

e n=1(mod4). Thus n =4k + 1 >
5. Then {v,, vs, Vg, V7,..., Vak—1, Vak+2}
is a twain secure perfect dominating set of
2k + 1 = [nTHJ vertices.

e n = 2(mod4). Thus n =4k + 2 >
6.

Then
{1, V2, Vs, Ve, ., Va2, Vakc+1, Vak+2} 18 @
twain secure perfect dominating set of

2k + 2 = nT” vertices.

Thus, the above three cases indicates if
n+2

n % 3(mod 4), ytsp(Tn_1)=[TJ.

e n = 3(mod 4). In this case we show that
n+3

ytsp(Tn,l) = T

Let n = 4k + 3, for some positive
integer k. Since
{1, V2, V3, Ve, .., Va1, Vak+2, Vak+3} is @
twain secure perfect dominating set with

2k + 3 = nTH vertices. It follows that

ytsp (Tn,l) = nT+3 .

Therefore from all the cases, for every n > 4,
n+3

—  for n =3(mod4)

Vtsp (Tn,l) = l&

> J for n# 3(mod 4)

Lemma 2.2. Foreveryn = 4,
i. Ifn = 3(mod 4), then Dysp(Ty 1,1) #
ifand only if =2 < i < n + 1.
il. Ifn £ 3(mod 4), then Dyg,(Tyy1,1) #+ @

ifand only if |2| < i < n + 1.

S

Proof.

i. Assume that n = 3(mod 4). By Lemma
n+

2.1, ]/tsp(Tn,l) = 73 Obviously, the

maximum cardinality of the twain secure
perfect dominating set of tadpole graph
with n + 1 vertices is n + 1. Therefore,
Desy(To1, 1) # @ if and only if = <
i<n+ L

iii. Assume that n £ 3(mod 4). By Lemma
2.1,ytsp(Tn‘1) = [nTHJ. Obviously the
maximum cardinality of the twain secure
perfect dominating set of tadpole graph
with n + 1 vertices is n + 1. Therefore,
Degy(T1, 1) # @ if and only if | 22| <

i<n+ L

Lemma 2.3. If Dy, (Ty4,1) # @, then

i Disp(Tr—q,1,i — 1) # 0, Dtsp(Tn—Z,l'i -
1) = @ and Dy (Tp-yg1,i —2) = @ ifand

onlyifi = n + 1.
1i. Dtsp(Tn—l,lri - 1) * 0, Dtsp(Tn—z,l:i -
1) # @and Dygy(Tygy, i —2) = Qif

and only if i = n.
1i. Dtsp (Tn—l,l'i - 1) =0, Dip(Tn-21,0—
1) # @and Dy (Ty—y 1,1 —2) # Qif

andonly ifn = 4k,i = 2k + 1,k € N.
iv.  Disp(Tn-11i=1) = @, Disp(Tng i =
1) = @ and Dy (Ty_yy, i — 2) # P ifand

only if n =4k + 1,i = 2k + 1,k €

N.
Proof.
1. First let us assume that n =
3(mod 4).
SIIICC DtSp(TTl—l,l’i - 1) i a, by
Lemma 22,2 <i-1<n
Which implies
i <
n+1 (1)

Since Dtsp(Tn—Z,lli - 1) =@ and
Disp(Tp-g1,i—2)=0,i —1>n — lor

i—1<nT+1andi—2>n—30r

i—2 <"T‘1. If —2 <nT_1,then

i <nT_1+2 =n7+3. Therefore i < nTH
holds. Therefore, by Lemma 2.2,

Dysp(Tny,i) = . Which is a
contradiction. So, we have i — 1 > n — 1.
Which

gives
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i =
n+1 2)
From (1) and (2),i = n + 1.
Conversely, assume thati = n + 1.
That impliesi —1 > n — 1. By Lemma
2.2, Dysp(Tnop1,i— 1) = @. Similarly,
Dysp(Trg1,i—2) = 0. Since i=n+
1, by Lemma 2.2, D¢ (Tp—14,i — 1) #
@.
Now, assume that n £ 3(mod 4).
Since  Dygp(Ty—1,1,i —1) # @, by

Lemma 2.2, [nTHJ < i — 1 < n.That gives

i <
n+1 3)
Since  Dygp(Tp-21,i—1)= @ and
Dysp(Th-g1,i—2)=0,i —1>n—1or

i-1<[Jadi-2>n~-3or

i—2< [nT_zj Therefore i—1>n-

lori—2< [nT_ZJ. Therefore, i <

n+2

lT | holds. Therefore, by Lemma 2.2,
Dtsp(Tn,lii) = @. Which s a
contradiction. So,wehavei — 1 > n — 1. Which
gives
iz2n+1
“4)
From (3)and (4),i = n + 1.

Conversely, assume thati = n + 1.
That impliesi —1 > n — 1. By Lemma

2.2, Dysp(Tn-p1,i — 1) = @. Similarly,

Dtsp(Tn—4,1:i —2) = Q. Since i=n+
1, by Lemma 2.2, D (T-1, i — 1) #

Q.
1. First let us assume that n =
3(mod 4).
Since Disp(Th—1,1,i — 1) # 0,

Dtsp(Tn—Z,lﬁi_l) * QanTHS i — 1< nand

n+1

IA

i —1 < n — 1. Which implies

2
nTHS i —1 < n — 1. Which gives

i <n
)
SiIlCC Dtsp(Tn—4,1:i - 2) = @, by
n-1

Lemma22,i — 2 >n — 3ori — 2 <T'

If i—2<"7‘1, then i<"7+3.

Therefore, i < nTH holds. By Lemma 2.2,
Dysp(Tny, i) = @ Which is  a
contradiction. Therefore i — 2 > n — 3. Which

gives

(6)
From (5) and (6),i = n.

Conversely, assume that i = n.
Which impliesi — 2 > n — 3. By Lemma

2.2, Dysp(Tpog1,i—2) = 0. Since i =
ni—1=n— 1. ByLemma 2.2,

Dtsp(Tn—z_pi -1) # 0.
Dtsp(Tn—1,1,i -1 # 0.

Similarly,

Next assume that n % 3(mod 4).

Since Disy(Tp-1,1,i—1) # 0,
Desp(Tn_z1,i—1) # @, by Lemma 2.2, ["T“j
i—1Snand[§JSi—1Sn—

<

1. Therefore, lnTHJ <i—-1<n-1

That gives
i<n
(7)
Since Dtsp(Tn—4,1’i — 2) =0,i—2>
n—3 or i—2<["7‘2J. f i—-2<
[”T‘ZJ, then i < ["T” | holds. Therefore,
by Lemma 2.2, Dtsp(Tn,l' i) = @. Which

is a contradiction. Therefore i — 2 >
n — 3. Which gives

i >
n ®)
From (7) and (8),i = n.

Conversely, assume that i = n. Which implies
i —2>n— 3.BylLemma

2.2, Dysp(Tpog1,i—2) = @. Since i =
ni—1=n— 1. ByLemma 2.2,
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Dsp(Tp—p1,i — 1) # 0. Similarly,
Dtsp(Tn—l,l' 1) * ¢
iii. Let us considern = 0(mod 4).
Since Dtsp(Tn wi-1)=0, i -

n+1

1>n0rl—1<[—J Ifi-—

1 > n,theni > n + 1. By Lemma
2.2, Dysp(Ty,i) = @. Which is a

contradiction. So i — 1 < [n—HJ

Which implies
i<
ln+1J +1 ©
Since Dtsp(Tn—z,pi - 1) =0 and
Disp(Tr—s1,i — 2) # @, BJ <i—-1<

n — 1 and [—j
That gives lEJ <i—-1<n-2
Which implies,
Bl+1 <
i<n-1 (10)
From (9) and (10), [7]+1 < i <
ln+1J+1. Which gives
1, forsomek € N.

= 4k,i = 2k +

Conversely, assume that n =
4k,i = 2k + 1, forsome k € N. Now,

n+1 4k+1

ytsp(Tn vl = l_J i > | =

[2k+§]=[L—EJ>L>l—1.
Therefore, i—1< lnﬂ By Lemma
2.2, Disp(Tn-r, i — 1) = 0.

Now, Yesp(Tu—ss ) = |52 ] = |52

1= [2k+1-2]= 1—2J
i — 2. Therefore,i — 2 = [Tj.By Lemma 2.2,
Digp(Th-s1,1 — 2) = 0. Similarly,
Disp(Tr—1,i — 1) # 0.

iv. Let us considern = 1(mod 4).

Since Dtsp(Tn 11,1 )— @ and
: +1
Disp(Tnzpi=1)=0, i—1<[|> or
i—1>nandi—1<[§]ori—
1 > n — 1. Thereforei — 1 > nor

i—=1<|[Z].Ifi~1>n,thni>
n+ 1 By Lemma 2.2, Dt_sp(Tn‘l,i) =
@. Which is a contradiction. So,
i—-1<
5] (11)
Since  Disp(Tp-a1,i—2) # @, by
Lemma 2.2,|"=%] < i — 2 < n — 3. Which
gives
= +1<
i—-1<n-2 (12)
From (11) and (12), |2 +1< i — 1
<L Tha implies [ZF|+2<i<
[§J+1. Which givesn = 4k + 1,i =
2k + 1,forsomek € N.

Conversely, assume that n =
4k + 1,i = 2k + 1,forsomek € N.

1
Now, Vip(T11) = 15571 =
4k+2
|=—1 = [2k + 1] = i > i — 1. Therefore,
i—1< [n—ﬂj By Lemma 2.2,
Dtsp(Tn 1,101 1) = Q. Similarly,
Dtsp(Tn—Z,lt - 1) = Q.
-2
Now, ytsp(Tn—4,1) = I.nTJ =
4k+1-2 4k—1 1
=) = 15 = 2k -5 = [2k+1-

%J =i - %J < i — 2.By Lemma 2.2,
Dysp(Tng1,i—2) # 0.
Theorem 2.4. Foreveryn > 8,

1. If Dtsp(Tn 1,100 i— 1) * (Da
Dtsp (Tn 2,101 1) =0 and
Dtsp (Tn—4,1' - 2) - Q

then D,:Sp(Tnll,i) = {[n + 1]}.

i, If Dtsp(Tn wi—1) # 0,
Disp(Tp—z1,i—1) # 0 and
Disp(Trg1,i—2) = 0, then

Dtsp(Tn,lil) - {[Tl]}

iii' If Dtsp(Tn 11; ) - @
Dtsp (Tn—z,lﬁl - 1) + 0 and
Dtsp (Tn—4,1;i —-2) # 0, then

Disp(Tn1,i) = {{1,4,5,8,9,...,n—
4,n—-3,nn+1},
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1v.

Proof.

ii.

1il.

{3,4,7,8,9,....,.n—4,n — 1,n,n +
131}

If Dtsp(Tn—m:i - 1) = 0,
Disp(Tnzpi—1)= 0 and
Dtsp(Tn—zt,l'i - 2) * Q,

then Dysp(Tn1,0) =

{{1,4,5,8,9,...,,n — 3,n — 1,n},
{2,3,6,7,10,...,n —3,n — 2,n +
13}

If  Disp(Th-11,i—1) # @  and
Disp(Tn-an,i—2) # @ then
Dysp(Tnp,i) ={Xuf{n+1} if X
ends with n} U {X U {n} if X ends with
n—1}Uu{X\{nju{n—-2,n+1}ifX
ends with n and X starts with 2} U
{Y u{n,n+ 1} if Y starts with 1 and
ends withn —3} U {Y U{n—1,n}if
Y ends with n—4}u{Y u{n-—
2,n+ 1} if Y starts with 2 and ends
with n—31U{¥Y\fn -3} U
{n — 1,n,n + 1} if Y starts with 3
ends withn — 3}}, where X €
Dtsp(Tn—l,lri -1),Y €

Dtsp (Tn—4,1'i - 2)-

Since Disp(Tn-1,,1 — 1) # 0,
Dysp(T—z1,i—1)= 0 and
Dtsp(Tn—4-,1ri - 2) = 0, by
2.3(i),i = n + 1. We know that for any
G = (V,E),V(G) is always a twain
secure perfect dominating set. Hence
Dtsp(Tnyl,n+ 1) = {[n + 1]}. Thus
Dtsp(Tn,lti) = {[n + 1]}

Since Disp(Th-11, i — 1) # @,
Disp(Th—21,i—1) # @ and
Dtsp(Tn—4,1'i - 2) = 0, by
2.3(ii),i = n. By the definition of twain
secure perfect dominating set if we choose
n vertices from n + 1 vertices the only
possible set is {1,2,3,...,n} simply say
[n]. Hence Dtsp(Tnll,n) = {[n]}. Thus
Dtsp(Tn,ll i) = {[n]}

Since Disyp (Tn—1,1;i - 1) = 0,
Disp(Th—1,i—1) # @ and
Disp(Th-s1,i —2) # @, by Lemma
2.3(ii)),n = 4k,i = 2k + 1,k € N.
Clearly the sets {1,4,5,8,9,...,n —
4,n — 3,n,n + 1} and

Lemma

Lemma

{3,4,7,8,9,....n — 4,n — 1,n,n + 1}
has nT” elements. By the definition of twain

secure perfect domination of tadpole graph
1,4,5 cover all the vertices up to 5 and
3,4, 5 cover all the verticesup to 5 forn +
1 = 5. Proceeding like this we obtain that
{1,4,5,8,9,....,.n — 4,n — 3,n,n +

1}4,{3,4,7,8,9,....,.n — 4,n — I,n,n +
1} cover all the vertices up ton + 1. The
other sets with cardinality nT+2 = 3 are

{1,2,5},{1, 3,4}, etc. Inthe set {1, 2, 5}, the
vertex 4 is adjacent to 2 and 5. In the set
{1, 3, 4} the vertex 2 is adjacent to 1 and 3.
These sets are not satisfied the twain secure
perfect domination. So, the only sets
{1,4,5,8,9,....n — 4,n — 3,n,n + 1}
and {3,4,7,8,9,...,n — 4n — 1,n,n +
1} are twain secure perfect dominating
sets.

Since Disp(Tn-11,i—1) = 0,
Dtsp (Tn—Z,lri - 1) =0 and
Disp(Tn-41,i —2) # @, by Lemma
24(iv),n = 4k + 1,i = 2k + 1.
Clearly the sets {1,4,5,8,9,...,n —
3,n — 1,n} and {2,3,6,7,10,...,n —
3,n — 2,n + 1} has nTH elements. By

the definition of twain secure perfect
domination of tadpole graph 1,4,5 and
2,3,6 cover all the vertices up to 6.
Proceeding like this we obtain that
{1,4,5,8,9,...,n—3,n—1,n} and
{2,3,6,7,10,...,n—=3,n—2,n+ 1}

cover all the vertices up to n + 1. The
other sets with cardinality nTH =5 are

{1,2,3,8,9}, etc. In the set {1, 2,3,8,9} is
not a dominating set. The only sets
{1,4,5,8,9,...,n—3,n—1,n} and
{2,3,6,7,10,...,n—=3,n—2,n+ 1} are
twain secure perfect dominating sets.
Construction of Dy, (anl, i) follows from
Dysp(Tno11,i — 1) and Dysp(Ty—g 1, i — 2).
Let X be a twain secure perfect dominating
set of T,,_, ; with cardinality i — 1. The
elements of Dy, (Tn_l_l, i— 1) ends with n
orn — 1.

Ifn—1 € Xandn €& X, then the elements
of  Dysp(Tn-r1,i—1)
Disp (Tn,1: i) by adjoining n.

belongs to
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¢ Ifn € X and the set X starts with the vertex
2, then we removed the vertex n from
Dtsp(Tn—l,l'i - 1) and adjoin the vertices
n—2andn+ 1 in Dtsp(Tn_l_l,i - 1).
Now the elements of Dtsp(Tn—l,lii - 1)
belongs to Dy, (Tn_l, i).

¢ Ifn € X and the set X does not start with the
vertex 2, then the elements of
Dysp(Tn—11,i — 1) belongs to Dyg,(Ty s, 1)
by adjoining n + 1.

Let Y be a twain secure perfect dominating set of
T,_41 with cardinality { — 2.

The elements of Dygy (Tr—4,1,1 — 2) ends withn —
4orn — 3. Ifn -4 €Y

and —3 &Y ., then the -eclements of
Disp(Tr—g1,1 — 2) belongs to
Dysp (Tn,l, i) by adjoiningn — 1andn.

Ifn — 3 € Y, then we consider three cases.

¢ Suppose 1l € Y ,2 € Y and the set Y starts
with the vertex 3, then we removed the vertex
n — 3 from Dyg,(Th-41,i —2) and adjoin
the wvertices n — 1,n and n + 1 in
Disp(Tn-4,1,0 —2). Now the elements of
Disp(Tr-4,1,1 — 2) belongs to Dy, (Tn_l, i).

¢ Suppose 1 € Y and the set Y starts with the
vertex 2, then the elements of
Dysp(Tn—a1,i — 2) belongs to Dyg,(Ty s, 1)
by adjoiningn — 2Zandn + 1.

¢ Suppose the set Y starts with the vertex 1,
then the elements of Dig,(Thos1,i— 2)
belongs to Dtsp(Tn,l' i) by adjoining n and
n + 1L

Thus, {{X U {n + 1} if X ends with n} U {X U {n}if
X ends with n—1} U {X\{(n}u{n-
2,n+ 1} if X ends with n and X starts with 2} U
{Y u{n,n+1}if

Y starts with 1 and ends with n — 3} U
{ruin—-1,n} if Y ends with n—4}u

{Y u{n—2,n+1} if Y starts with 2
and ends with n -3} U {Y\{n —3} U

{n —1,n,n + 1}ifY starts with 3 ends
withn — 33} € Dyg,(Tys, 0). (13)

Conversely, Suppose Z €
Dtsp(Tn,pi)- Here all the elements of

Dtsp (Tn,lﬁ i)

ends withnorn + 1.

Ifn € Zandn + 1 € Z, then at least
one vertex labeledn — 2orn — 1.

¢ Suppose n-—1€ Z,n—
2 € Z,thenZ = X U {n},
for some X €
Dtsp(Tn—l,l’i - 1)-

¢ Suppose n—1€ Z,n —
2¢Z then Z=YU
{n — 1,n}, for some Y €
Dtsp(Tn—4,1:i - 2) .

If n + 1 € Z, then at least one vertex
labelednorn — 1lorn — 2orn — 3or

n — 4.

¢ Suppose n € Zn—-—1€ Zn—-2€7Z,
then Z = X U {n + 1}, for some X €
Dtsp(Tn—l,l'i - 1)-

¢ Suppose ne¢zZn—-—2¢€Zn-—3E€
Zn —4 € Z then Z\{n — 2} = X U
{n,n + 1}, for some X € Dtsp(Tn_Ll,i -
1).

¢ Suppose ne¢zZn—-—2€Zn-—3E€
Zm—4¢Z7Z then Z=YUf{n-
2,n + 1}, for some Y € Digp(Tyyq,i—
2).

¢ Suppose Z starts with the vertex 1 and n €
Zm—3€eZn—-1¢Zn—-2¢& Z,
then Z = Y U {n,n + 1}, for some Y €
Dtsp(Tn—ZL,l'i - 2)~

¢ Suppose Z starts with the vertex 1 and n €
Zn—1€Zn-2¢Zn—-3¢&7Z,
then Z = X U {n + 1}, for some X €
Dtsp(Tn—l,lii - 1)'

¢ Suppose Z starts with the vertex 3 and n €
Zm—-—1€Zn—-2¢Zn-3¢7Z
then Z\fn — 1} =Y U {n - 3nn +
1}, for some Y € Dtsp(Tn—4,1'i - 2).

Thus, Dysy(Ty1,0) € {{X U {n + 1} if X ends with
n} U {X U {n}if X ends with

n—1}U{X\{nju{n—2,n+1}if X ends with n
and X starts with 2} U {Y U {n,n+1}if
Y starts with 1 and ends with n —3}U{Y U{n—
1,n} if Y ends with n—4}u{Y u{n-
2,n+1} if Y starts with 2 and ends with n —
3} (Y\{n — 31U {n - 1nn+ 1}ifY starts
with 3 ends withn — 3}}. (14)
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From (13) and (14),

Dtsp(Tn_l,i) ={{XU{n+1}if X ends with n} U
{Xu{n} if X ends with n—1} U {X\{n}u{n—
2,n+ 1} if X ends with n and X starts with 2} U
{Y U{n,n+ 1}ifY starts with 1 and ends with n —
3Ju{Y U{n—1,n}if Y ends withn—-4}u{Y U
{n—2,n+ 1} if Y starts with 2 and ends withn —
Ju{f\n -3tu{n-1nn+1} if Y
starts with 3 ends withn — 3}}, where X €
Dtsp (Tn—l,lﬂi -1).,Y € Dtsp(Tn—zt,l'i —-2).

3. Conclusion

This paper discusses and analyses the twain secure
perfect dominating sets of T, ;. Using recursive
method, we constructed the twain secure perfect
dominating sets of T, ;.
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