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Abstract: In this paper, we introduce the concept detour certified domination number of a graph. Also detour 

certified domination number of a certain classes of graphs are determined and some of its general properties 

are studied. A set 𝑆 of vertices in a connected graph 𝐺 = (𝑉, 𝐸) is called a detour set if every vertex not in 

𝑆 lies on a longest path between two vertices from 𝑆. A set 𝐷 of vertices in 𝐺 is called a dominating set of 

𝐺 if every vertex not in 𝐷 has at least one neighbour in 𝐷. A set 𝑇 ⊆ 𝑉(𝐺) is called a certified dominating 

set of 𝐺 if 𝑇 is a dominating set and every vertex in 𝑇 has either zero or at least two neighbours in 𝑉 − 𝑇. A 

set 𝑆 is called a detour certified dominating set of 𝐺 if 𝑆 is both detour and certified dominating set of 𝐺. 

The detour certified domination number is the minimum cardinality of a detour certified dominating set in 

𝐺. 
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1 Introduction  

 By a graph 𝐺 = (𝑉, 𝐸) we mean a finite, 

connected, undirected graph with neither loops 

nor multiple edges. The order |𝑉| and size |𝐸| of 

𝐺 are denoted by 𝑝 and 𝑞 respectively. For graph 

theoretic terminology we refer to west [9]. A 

vertex 𝑣 of 𝐺 is said to be an extreme vertex if the 

subgraph induced by its neighbourhood is 

complete. The set of all extreme vertices is 

denoted by 𝐸𝑥𝑡(𝐺). For vertices 𝑥 and 𝑦 in a 

connected graph 𝐺, the detour distance 𝐷(𝑥, 𝑦) is 

the length of a longest 𝑥 − 𝑦 path in 𝐺. An 𝑥 − 𝑦 

path of length 𝐷(𝑥, 𝑦) is called an 𝑥 − 𝑦 detour. 

The closed interval 𝐼𝐷[𝑥, 𝑦] consists of all vertices 

lying on some 𝑥 − 𝑦 detour of 𝐺. For 𝑆 ⊆

𝑉, 𝐼𝐷[𝑆] = ⋃ 𝐼𝐷[𝑥, 𝑦]𝑥,𝑦∈𝑆 . A set 𝑆 of vertices is a 

detour set if 𝐼𝐷[𝑆] = 𝑉, and the minimum 

cardinality of a detour set is the detour number 

𝑑𝑛(𝐺). The concept of detour set in graph was 

introduced by G.Chartrand et.all [2,3]. For 

distance related terminology we refer to Buckley 

and Harary [1]. 

 A set 𝑆 ⊆ 𝑉(𝐺) in a graph 𝐺 is a 

dominating set of 𝐺 if every vertex 𝑣 in 𝑉 − 𝑆, 

there exists a vertex 𝑢 ∈ 𝑆 such that 𝑣 is adjacent 

to 𝑢. The domination number of 𝐺, denoted by 

𝛾(𝐺), is the minimum cardinality of a dominating 

set of 𝐺 [5]. 

 A vertex of degree 0 is called an isolated 

vertex and a vertex of degree 1 is called an end 

vertex or a pendant vertex. A vertex that is 

adjacent to a pendant vertex is called a support 

vertex. A vertex of degree 𝑝 − 1 is called a full 

vertex. The concept of certified domination in 

graph was introduced by Magoba Dettlaff et.all 

[4]. 

Definition 1.1 Let 𝐺 = (𝑉, 𝐸) be any graph of order 

n. A subset 𝑆 ⊆ 𝑉(𝐺) is said to be a certified 

dominating set of G if S is a dominating set of G and 

every vertex in S has either zero or at least two 
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neighbours in 𝑉 − 𝑆.  The certified domination 

number denoted by 𝛾𝑐𝑒𝑟(𝐺) is the minimum 

cardinality of certified dominating sets in G. 

For graph 𝐺, some subsets of 𝑉 are detour 

set but not certified dominating set in 𝐺. Further, 

some other are certified dominating set but not 

detour sets in 𝐺. Moreover, some of them that are 

both certified dominating and detour set in 𝐺. 

 Here we see that a detour set is not in 

general a certified dominating set in 𝐺. The converse 

also not true in general. This motivated to study a 

new domination concept of detour certified 

domination. Hence, we study that subsets of 𝑉(𝐺) 

that are both a certified dominating and a detour set 

in 𝐺. We call these sets as detour certified 

domination number as the minimum cardinality 

taken over all the detour certified dominating sets of 

𝐺.   

Definition 1.2 Let 𝐺 = (𝑉, 𝐸) be any connected 

graph with at least two vertices. A subset 𝑆 ⊆ 𝑉(𝐺) 

is called a detour certified dominating set of 𝐺 if 𝑆 

is both detour and certified dominating set of 𝐺. A 

detour certified dominating set 𝑆 is said to be a 

minimum detour certified dominating set of 𝐺 if 

there exists no detour certified dominating set 𝑆′ of 

𝐺 such that |𝑆′| < |𝑆|. The cardinality of a minimum 

detour certified dominating set of 𝐺 is the detour 

certified dominating number of 𝐺. It is denoted by 

𝑐𝛾𝑑(𝐺). 

 Any detour certified dominating set 𝑆 of 

cardinality 𝑐𝛾𝑑(𝐺) is called a 𝑐𝛾𝑑 − set of 𝐺 or 

𝑐𝛾𝑑(𝐺) − set. 

2. Some basic results 

 In this section, we call some definitions and 

basic results of detour set and certified dominating 

set of a graph which will be used throughout the 

paper. 

Theorem 2.1 [3] Every end vertex of 𝐺 belongs to 

every detour set of 𝐺. 

Theorem 2.2 [4] Every support vertex of 𝐺 belongs 

to every certified dominating set of 𝐺. 

3. Detour Certified Domination number in degree 

splitting graphs. 

 In this section, we define the detour 

certified domination number for degree splitting 

graphs some families of graphs.  

Definition 3.1 

 Let 𝐺 = (𝑉, 𝐸)  be a connected graph of 

order 𝑝 ≥ 2  with  𝑉(𝐺) = 𝑆1 ∪ 𝑆2 ∪ … ∪ 𝑆𝑟 ∪ 𝑅, 

where 𝑆𝑖  is the set having at least two vertices of 

same degree and 𝑅 = 𝑉(𝐺) ∪ 𝑆𝑖 for 1 ≤ 𝑖 ≤ 𝑟. The 

degree splitting graph 𝐷𝑆(𝐺) is obtained from G by 

adding vertices 𝑣1, 𝑣2, … , 𝑣𝑛  and joining 𝑣𝑖  to each 

vertices in 𝑆𝑖 for 1 ≤ 𝑖 ≤ 𝑟. 

Example 3.2 

 Consider a connected graph G and their 

corresponding degree splitting graph 𝐷𝑆(𝐺) given 

in Figure 3.1 
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Figure 3.1 

Here 𝑆1 = {𝑢2, 𝑢4, 𝑢5, 𝑢6}, 𝑆2 = {𝑢1, 𝑢7} and 𝑅 =

{𝑢3}. 

Remark 3.3 

 If 𝑉(𝐺) =∪ 𝑆𝑖 , 1 ≤ 𝑖 ≤ 𝑟 for any 

connected graph G, then 𝑅 = 𝜙 in the degree 

splitting graph. 

Remark 3.4 

 The graph G given in Figure 3.1(a) and the 

graph 𝐷𝑆(𝐺) given in Figure 3.1, it is clear that 

𝑆 = {𝑢1, 𝑢2, 𝑢3, 𝑢5, 𝑢7} and 𝑆1 = {𝑢1, 𝑢3, 𝑢7, 𝑣1} are 

the minimum detour certified dominating set of G 

and 𝐷𝑆(𝐺), respectively. Thus 𝑐𝛾𝑑(𝐺) = 5 and 

𝑐𝛾𝑑(𝐷𝑆(𝐺)) = 4.  

 So, the detour certified domination 

number of G and 𝐷𝑆(𝐺) are different. 

Observation 3.5 

 For any connected graph G, there is no 

obvious relation connecting 𝑐𝛾𝑑(𝐺) and 

𝑐𝛾𝑑(𝐷𝑆(𝐺)). 

 Example for  𝑐𝛾𝑑(𝐷𝑆(𝐺)) < 𝑐𝛾𝑑(𝐺). 

 Let us consider the connected graph G in 

Figure 3.2. 

 
Figure 3.2 

 

 Here 𝑆 = {𝑢1, 𝑢2, 𝑢3, 𝑢4, 𝑢5, 𝑢6, 𝑢7, 𝑢8} is 

the unique detour certified dominating set of G and 

hence, 𝑐𝛾𝑑(𝐺) = |𝑆| = 8. 

 Now, we degree split each vertex of G, to 

obtained a new connected graph 𝐷𝑆(𝐺) and is 

given in Figure 3.3. 
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Figure 3.3 

 Here 𝑆1 = {𝑣1, 𝑣2} is a minimum detour certified dominating set of 𝐷𝑆(𝐺) and hence 𝑐𝛾𝑑(𝐷𝑆(𝐺)) =

|𝑆1| = 2. 

 In this case, 𝑐𝛾𝑑(𝐷𝑆(𝐺)) < 𝑐𝛾𝑑(𝐺).  

 Consider the connected graph G given in Figure 3.4. 

 
Figure 3.4 

 Here 𝑆 = {𝑢1, 𝑢4, 𝑢5} is a minimum detour certified dominating set of G and hence, 𝑐𝛾𝑑(𝐺) = |𝑆| = 3. 

 Now, we degree split each vertex of G, to obtained a new connected graph 𝐷𝑆(𝐺) and is given in 

Figure 3.5. 
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Figure 3.5 

 Here 𝑆1 = {𝑣1, 𝑢4, 𝑢5} is a minimum 

detour certified dominating set of  𝐷𝑆(𝐺) and 

hence, 𝑐𝛾𝑑(𝐷𝑆(𝐺)) = |𝑆1| = 3. 

 Thus, in this case, 𝑐𝛾𝑑(𝐷𝑆(𝐺)) = 𝑐𝛾𝑑(𝐺). 

 Example for 𝑐𝛾𝑑(𝐷𝑆(𝐺)) > 𝑐𝛾𝑑(𝐺). 

 Consider the connected graph G, given in 

Figure 3.6. 

 
Figure 3.6 

 Here 𝑆 = {𝑢3, 𝑢5} is a minimum detour 

certified dominating set of G and hence 𝑐𝛾𝑑(𝐺) =

|𝑆| = 2. 

 Now, we degree split each vertex of G, to 

obtained a new connected graph 𝐷𝑆(𝐺) and it is 

given in Figure 3.7. 
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Figure 3.7 

 Here 𝑆1 = {𝑢3, 𝑢4, 𝑢5} is a minimum 

detour certified dominating set of 𝐷𝑆(𝐺) and 

hence, 𝑐𝛾𝑑(𝐷𝑆(𝐺)) = |𝑆1| = 3. 

 Thus, in this case 𝑐𝛾𝑑(𝐷𝑆(𝐺)) > 𝑐𝛾𝑑(𝐺).     

Remark 3.6 

 Every end vertex of G and every support 

vertex of G need not belong to some detour 

certified dominating set of 𝐷𝑆(𝐺). 

 For example, consider the graph given in Figure 3.8. 

 
Figure 3.8 

 The degree splitting graph 𝐷𝑆(𝐺) of G is given in Figure 3.9. 

 
Figure 3.9 

 

Here 𝑆 = {𝑢1, 𝑣1} is a detour certified dominating 

set of 𝐷𝑆(𝐺). But 𝑢2 and 𝑢3 are the end vertices of 

G does not in S. 

 Similarly, if we consider 𝑆 = {𝑢1, 𝑢3}, 

then S is a detour certified dominating set of 

𝐷𝑆(𝐺). But here 𝑢1 is a support vertex of G, does 

not in S. 
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Theorem 3.7 

 For integer 𝑝 ≥ 2, 𝑐𝛾𝑑 (𝐷𝑆(𝐾1,𝑝−1)) = 2. 

Proof  

 Let 𝑢1, 𝑢2, … , 𝑢𝑝−1 be the end vertices and 

𝑢 be the central vertex of the star graph 𝐾1,𝑝−1. Let 

𝑣 be the corresponding vertex which is added to 

obtained that graph 𝐷𝑆(𝐾1,𝑝−1). So 

𝑉 (𝐷𝑆(𝐾1,𝑝−1)) = {𝑢, 𝑢1, 𝑢2, … , 𝑢𝑝−1, 𝑣} and hence 

|𝑉 (𝐷𝑆(𝐾1,𝑝−1))| = 𝑝 + 1. 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.10 

 

Since 𝐷𝑆(𝐾1,𝑝−1)  is connected, that 

𝑐𝛾𝑑 (𝐷𝑆(𝐾1,𝑝−1)) ≥ 2.  Consider 𝑆 = {𝑢, 𝑢𝑖}  or 

𝑆 = {𝑣, 𝑢𝑖}  for 1 ≤ 𝑖 ≤ 𝑝 − 1.  Then clearly every 

vertices 𝑉 (𝐷𝑆(𝐾1,𝑝−1)) \𝑆  lies on a detour path 

between vertices form S. Also vertices in S 

dominates every vertices of 

𝑉 (𝐷𝑆(𝐾1,𝑝−1)). Therefore that S is not a detour 

certified dominating set of 𝐷𝑆(𝐾1,𝑝−1).  Now, we 

consider 𝑆1 = {𝑢, 𝑣}.  Clearly 𝑢𝑖  for 𝑖 ≤ 𝑖 ≤ 𝑝 −

1 is dominated by 𝑢  and 𝑣 . Since 𝑝 ≥ 3,  every 

vertices in 𝑆1  has at least two neighbours in 

𝑉 (𝐷𝑆(𝐾1,𝑝−1)) \𝑆1.  Therefore that 𝑆1 is a certified 

dominating set 𝐷𝑆(𝐾1,𝑝−1).  Moreover, every 

vertices in 𝑉 (𝐷𝑆(𝐾1,𝑝−1)) \𝑆,  lies on the detour 

path between vertices from 𝑢 and 𝑣. So that 𝑆1 itself 

is a detour certified dominating set of 𝐷𝑆(𝐾1,𝑝−1). 

Thus, 𝑐𝛾𝑑 (𝐷𝑆(𝐾1,𝑝−1)) ≤ |𝑆1| = 2.  Hence, we 

conclude 𝑐𝛾𝑑 (𝐷𝑆(𝐾1,𝑝−1)) = 2. 

Example 3.8  

 Consider 𝐷𝑆(𝐾1,7) given in the Figure 

3.11,  by Theorem 3.7, 𝑆 = {𝑢, 𝑣} is a minimum 

detour certified dominating set of  𝐷𝑆(𝐾1,7) and 

hence, 𝑐𝛾𝑑 (𝐷𝑆(𝐾1,7)) = |𝑆| = 2. 
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Figure 3.11: 𝐷𝑆(𝐾1,7) 

 

Corollary 3.9 

 For the star graph 𝐾1,𝑝−1, 𝑐𝛾𝑑(𝐾1,𝑝−1) =

𝑐𝛾𝑑 (𝐷𝑆(𝐾1,𝑝−1)) − 𝑝 − 2. 

Theorem 3.10  

 Let G be a graph obtained from 

𝐷𝑆(𝐾1,𝑝−1) by joining pendant vertices to each of 

𝑝 − 1 vertices, 𝑝 ≥ 3. Then 𝑐𝛾𝑑(𝐷𝑆(𝐺)) = 2𝑝 −

2. 

Proof  

 Let 𝑢1, 𝑢2, … , 𝑢𝑝−1 be the end vertices and 

𝑢 be the central vertex of the star graph 𝐾1,𝑝−1. Let 

𝑣 be the corresponding vertex, which is added to 

obtained the graph 𝐷𝑆(𝐾1,𝑝−1). Now, let G be the 

graph obtained from the 𝐷𝑆(𝐾1,𝑝−1) by joining the 

pendant vertices 𝑣1, 𝑣2, … , 𝑣𝑝−1 to each of  

𝑢1, 𝑢2, … , 𝑢𝑝−1, respectively and the graph is given 

in Figure 3.12. 

 
Figure: 3.12: 𝐺 

 

Here 𝑆 = {𝑢1, 𝑢2, … , 𝑢𝑝−1, 𝑣1, 𝑣2, … , 𝑣𝑝−1} be the 

set if support vertices and end vertices of G. So 

𝑐𝛾𝑑(𝐺) ≥ |𝑆| = 2𝑝 − 2. Now, it is clear that S 

itself from a detour certified dominating set of G 

and so 𝑐𝛾𝑑(𝐺) ≤ |𝑆| = 2𝑝 − 2. Hence, 𝑐𝛾𝑑(𝐺) =

2𝑝 − 2. 

 

Example 3.11 

 Consider the graph G obtained from 

𝐷𝑆(𝐾1,7) by adding one pendant vertices to each of 

7 vertices of degree 2. Then, 𝑐𝛾𝑑(𝐺) = 14. 
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       Figure 3.13: 𝐺                        

 

By Theorem 3.10, 𝑆 =

{𝑢1, 𝑢2, 𝑢3, 𝑢4, 𝑢5, 𝑢6, 𝑢7, 𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣6, 𝑣7} is 

a minimum detour certified dominating set of G 

and hence, 𝑐𝛾𝑑(𝐺) = |𝑆| = 14. 

Theorem 3.12 

 For the bistar graph 𝐵𝑚,𝑛(𝑚 ≥ 𝑛 ≥ 1),  

𝑐𝛾𝑑 (𝐷𝑆(𝐵𝑚,𝑛)) = {

2 𝑖𝑓 𝑚 = 𝑛                     
3 𝑖𝑓 𝑚 ≠ 𝑛 𝑎𝑛𝑑 𝑛 ≥ 2

4 𝑖𝑓 𝑛 = 1 𝑎𝑛𝑑 𝑚 > 1
  . 

Proof  

 Consider our bistar graph 𝐵𝑚,𝑛 with 

𝑉(𝐵𝑚,𝑛) = {𝑢, 𝑣, 𝑢𝑖 , 𝑣𝑗; 1 ≤ 𝑖 ≤ 𝑚, 1 ≤ 𝑗 ≤ 𝑛}. 

Here that 𝑢𝑖 and 𝑣𝑗 are the vertices adjacent with 

𝑢 and 𝑣, repectively. To obtain 𝐷𝑆(𝐵𝑚,𝑛), three 

cases where axis. 

Case (i) 𝑚 = 𝑛 

 Let 𝑥1 and 𝑥2 be the corresponding 

vertices which are added to obtain 𝐷𝑆(𝐵𝑚,𝑛). Then, 

𝑉 (𝐷𝑆(𝐵𝑚,𝑛)) = {𝑢, 𝑣, 𝑢𝑖 , 𝑣𝑖 , 𝑥1, 𝑥2; 1 ≤ 𝑖 ≤ 𝑚}. 

Thus, |𝑉 (𝐷𝑆(𝐵𝑚,𝑛))| = 𝑚 + 𝑛 + 4. This graph is 

given in Figure 3.14. 

 

Figure 3.14: 𝐷𝑆(𝐵𝑚,𝑛) 

 Since 𝐷𝑆(𝐵𝑚,𝑛)  is connected that 

𝑐𝛾𝑑 (𝐷𝑆(𝐵𝑚,𝑛)) ≥ 2.  Consider 𝑆 = {𝑥1, 𝑢}  or 

{𝑥1, 𝑣}.  Then clearly every vertices in 

𝑉 (𝐷𝑆(𝐵𝑚,𝑛)) \𝑆  lies on a detour path between 

vertices from S. So that S is a detour set of 

𝐷𝑆(𝐵𝑚,𝑛).  But that 𝑥2, 𝑢1, 𝑢2, … , 𝑢𝑚  or 

𝑥2, 𝑣1, 𝑣2, … , 𝑣𝑚  is not dominated by any vertices 

from 𝑆 = {𝑥1, 𝑣}  or 𝑆 = {𝑥1, 𝑢} , respectively. So 

that S is not a detour certified dominating set of 

𝐷𝑆(𝐵𝑚,𝑛). Now, consider 𝑆1 = {𝑥1, 𝑥2}. Since 𝑢, 𝑣 

is dominated by 𝑥1 and 𝑢1, 𝑢2, … , 𝑢𝑚, 𝑣1, 𝑣2, … , 𝑣𝑚  

are dominated by 𝑥2,  that 𝑆1  dominates 

𝑉 (𝐷𝑆(𝐵𝑚,𝑛)). Since 𝑚, 𝑛 ≥ 1, every vertices in 𝑆1 

has at least two neighbours in 𝑉 (𝐷𝑆(𝐵𝑚,𝑛)) \𝑆1 . 

Therefore, that 𝑆1  is a certified dominating set of 

𝐷𝑆(𝐵𝑚,𝑛).  Moreover, every vertices in 
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𝑉 (𝐷𝑆(𝐵𝑚,𝑛)) \𝑆1 lies on the detour path between 

vertices from 𝑆1. So that 𝑆1 itself is a detour certified 

dominating set of 𝐷𝑆(𝐵𝑚,𝑛)  and so 

𝑐𝛾𝑑 (𝐷𝑆(𝐵𝑚,𝑛)) ≤ |𝑆1| = 2.  Hence we conclude,  

𝑐𝛾𝑑 (𝐷𝑆(𝐵𝑚,𝑛)) = 2. 

Case (ii) 𝑚 ≠ 𝑛 and 𝑛 ≥ 2 

 Let 𝑥1 be the corresponding vertex added 

to 𝐵𝑚,𝑛 to obtained the graph 𝐷𝑆(𝐵𝑚,𝑛).  Then 

𝑉 (𝐷𝑆(𝐵𝑚,𝑛)) = {𝑢, 𝑣, 𝑢𝑖 , 𝑣𝑗 , 𝑥1; 1 ≤ 𝑖 ≤ 𝑚, 1 ≤

𝑗 ≤ 𝑛}. Thus |𝑉 (𝐷𝑆(𝐵𝑚,𝑛))| = 𝑚 + 𝑛 + 3. This 

graph contains no support and end vertices and is 

shown in Figure 3.15. 

 

Figure 3.15: 𝐷𝑆(𝐵𝑚,𝑛) 

 Since 𝐷𝑆(𝐵𝑚,𝑛)  is connected, that 

𝑐𝛾𝑑 (𝐷𝑆(𝐵𝑚,𝑛)) ≥ 2.  Consider, either 𝑆 = {𝑢, 𝑥1} 

or 𝑆 = {𝑣, 𝑥1} . If 𝑆 = {𝑢, 𝑥1},  then 𝑢  dominates 

𝑣, 𝑢1, 𝑢2, … , 𝑢𝑚  and 𝑥1  dominates 

𝑢1, 𝑢2, … , 𝑢𝑚, 𝑣1, 𝑣2, … , 𝑣𝑚.  Therefore, 𝑆  is a 

dominating set of 𝐷𝑆(𝐵𝑚,𝑛). Since 𝑚, 𝑛 ≥ 2, every 

vertices in 𝑆  has at least two neighbours in 

𝑉 (𝐷𝑆(𝐵𝑚,𝑛)) \𝑆 . Therefore, that 𝑆  is a certified 

dominating set of 𝐷𝑆(𝐵𝑚,𝑛). Now, it is clear that 

every longest path of 𝑢, 𝑥1. Consider 𝑣, 𝑣1, 𝑣2, … , 𝑣𝑛 

as the internal vertices. But it does not contain 

𝑢1, 𝑢2, … , 𝑢𝑚  as the detour path between vertices 

from 𝑆. So that 𝑆 is not a detour certified dominating 

set of 𝐷𝑆(𝐵𝑚,𝑛).  As similar we discuss above, if 

𝑆 = {𝑣, 𝑥1}  then 𝑣1, 𝑣2, … , 𝑣𝑛  does not lie on any 

detour path between vertices from 𝑆. So 𝑆 = {𝑢, 𝑥1} 

or {𝑣, 𝑥1} is not a detour certified dominating set of 

𝐷𝑆(𝐵𝑚,𝑛).  Also there does not exist a detour 

certified dominating set of 𝐷𝑆(𝐵𝑚,𝑛)  with two 

vertices. Thus, 𝑐𝛾𝑑 (𝐷𝑆(𝐵𝑚,𝑛)) ≥ 3. Now consider 

𝑆1 = {𝑢, 𝑣, 𝑥1}. Since 𝑆 ⊆ 𝑆1,  that 𝑆1  is a certified 

dominating set of 𝐷𝑆(𝐵𝑚,𝑛).  Moreover, 𝑢 − 𝑣 

detour path contains all the vertices of 𝐷𝑆(𝐵𝑚, 𝑛)\

𝑆1 and 𝑥1 as the internal vertices. Therefore that 𝑆1 

is a detour certified dominating set of 𝐷𝑆(𝐵𝑚,𝑛)  and 

hence, 𝑐𝛾𝑑 (𝐷𝑆(𝐵𝑚,𝑛)) ≤ |𝑆1| = 3.  Thus, 

𝑐𝛾𝑑 (𝐷𝑆(𝐵𝑚,𝑛)) = 3.  

Case (ii) 𝑛 = 1 and 𝑚 > 1 

 In this case, the 𝐵𝑚,1, 𝑣  is adjacent with 

exactly one end vertex 𝑣1  and 𝑢  is adjacent with 

more than two end vertices. Let 𝑥1  be the degree 

splitting vertex corresponding to which is added to 

𝑉(𝐵𝑚,1)  to obtain  𝐷𝑆(𝐵𝑚,1).  Then 

𝑉 (𝐷𝑆(𝐵𝑚,1)) = {𝑢, 𝑣, 𝑢𝑖 , 𝑣1; 𝑥1; 1 ≤ 𝑖 ≤ 𝑚}  and 

thus, |𝑉 (𝐷𝑆(𝐵𝑚,1))| = 𝑚 + 4 . This graph is 

shown in Figure 3.16. 
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Figure 3.16: 𝐷𝑆(𝐵𝑚,1). 

       

 

Here 𝑆 = {𝑢, 𝑥1}  or 𝑆 = {𝑣, 𝑥1}  dominates every 

other vertices of  𝐷𝑆(𝐵𝑚,1). Since 𝑢 is adjacent with 

𝑣, 𝑢1, 𝑢2, … , 𝑢𝑚  and 𝑣 is adjacent with 𝑢, 𝑣1  and 𝑥1 

is adjacent with 𝑢1, 𝑢2, … , 𝑢𝑚, 𝑣1, that S is a certified 

dominating set of 𝐷𝑆(𝐵𝑚,1). As similar discussion 

discussed in case(ii), that S is not a detour certified 

dominating set of 𝐷𝑆(𝐵𝑚,1).  Now consider 𝑆1 =

{𝑢, 𝑣, 𝑥1} . It is clear that 𝑆1 is a detour set of 

𝐷𝑆(𝐵𝑚,1). But 𝑣  has exactly one neighbour 𝑣1  in 

𝑉 (𝐷𝑆(𝐵𝑚,1)) \𝑆1. Therefore that 𝑆1  itself is not a 

detour certified dominating set of 𝐷𝑆(𝐵𝑚,1). If we 

rearrange 𝑆1 as 𝑆1 = {𝑢, 𝑣1, 𝑥1}, then 𝑣1 has exactly 

one neighbour in 𝑉 (𝐷𝑆(𝐵𝑚,1)) \𝑆1.  Also if we 

consider any vertex from  𝑢1, 𝑢2, … , 𝑢𝑚 then that 𝑢𝑖 

has exactly one neighbour in 𝑉 (𝐷𝑆(𝐵𝑚,1)) \𝑆1. So 

𝑐𝛾𝑑 (𝐷𝑆(𝐵𝑚,1)) ≥ 4.  Let us consider 𝑆2 =

{𝑢, 𝑣, 𝑣1, 𝑥1}. Then it is clear that 𝑆2 is both detour 

and certified dominating set of 𝐷𝑆(𝐵𝑚,1)  and so 

𝑐𝛾𝑑 (𝐷𝑆(𝐵𝑚,𝑛)) ≤ |𝑆2| = 4.  Hence 

𝑐𝛾𝑑 (𝐷𝑆(𝐵𝑚,𝑛)) = 4. 

 Thus 𝑐𝛾𝑑 (𝐷𝑆(𝐵𝑚,𝑛)) =

{

2 𝑖𝑓 𝑚 = 𝑛                     
3 𝑖𝑓 𝑚 ≠ 𝑛 𝑎𝑛𝑑 𝑛 ≥ 2

4 𝑖𝑓 𝑛 = 1 𝑎𝑛𝑑 𝑚 > 1
  . 

Example 3.13 

 Consider the graph of 𝐷𝑆(𝐵4,4) given in 

Figure 3.17. 

 

                                           

      

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.17: 𝐷𝑆(𝐵4,4) 

 

 By Theorem 3.12 case(i) 𝑆 = {𝑥1, 𝑥2} is a 

minimum detour certified dominating set of 
𝐷𝑆(𝐵4,4) and hence 𝑐𝛾𝑑 (𝐷𝑆(𝐵4,4)) = |𝑆| = 2. 

  

 Consider the graph of  𝐷𝑆(𝐵5,4) given in Figure 3.18. 
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Figure 3.18: 𝐷𝑆(𝐵5,4) 

                            

 By Theorem 3.12, case(ii) 𝑆1 = {𝑢, 𝑣, 𝑥1} 

is a minimum detour certified dominating set of 

𝐷𝑆(𝐵5,4) and hence, 𝑐𝛾𝑑 (𝐷𝑆(𝐵5,4)) = |𝑆1| = 3. 

Consider the graph of  𝐷𝑆(𝐵5,1) given in Figure 

3.19. 

 

Figure 3.19:𝐷𝑆(𝐵5,1) 

 

By Theorem 3.12, case(iii), 𝑆2 = {𝑢, 𝑣, 𝑣1, 𝑥1} is a 

minimum detour certified dominating set of 

𝐷𝑆(𝐵5,1) and hence, 𝑐𝛾𝑑 (𝐷𝑆(𝐵5,1)) = |𝑆2| = 4. 

Corollary 3.14 

 For the bistar graph 𝐵𝑚,𝑛(𝑚 ≥ 1), 

𝑐𝛾𝑑 (𝐷𝑆(𝐵𝑚,𝑛)) − 𝑐𝛾𝑑 (𝐷𝑆(𝐵𝑚,𝑛)) = 2𝑚. 
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    x 1


    u 1 ,   u 2 , … ,   u  m ,   v 1


  D S  (   B  m , 1 ) .


  D S  (   B  m , 1 ) .


    S 1 =  { u , v ,   x 1 }


    S 1


  D S  (   B  m , 1 ) .  


  v


    v 1


  V  ( D S  (   B  m , 1 ) ) \   S 1 .


    S 1


  D S  (   B  m , 1 ) .


    S 1


    S 1 =  { u ,   v 1 ,   x 1 } ,


    v 1


  V  ( D S  (   B  m , 1 ) ) \   S 1 .


    u 1 ,   u 2 , … ,   u  m


    u  i


  V  ( D S  (   B  m , 1 ) ) \   S 1


  c   𝛾  d  ( D S  (   B  m , 1 ) ) ≥ 4 .


    S 2 =  { u , v ,   v 1 ,   x 1 } .


    S 2


  D S  (   B  m , 1 )


  c   𝛾  d  ( D S  (   B  m , n ) ) ≤  |   S 2 | = 4 .


  c   𝛾  d  ( D S  (   B  m , n ) ) = 4 .


  c   𝛾  d  ( D S  (   B  m , n ) ) =  {    2   i f   m = n                                             3   i f   m ≠ n   a n d   n ≥ 2   4   i f   n = 1   a n d   m > 1     .


  D S (   B  4 , 4 )


  D S  (   B  4 , 4 )


  S = {   x 1 ,     x 2 }


  D S (   B  4 , 4 )


  c   𝛾  d  ( D S  (   B  4 , 4 ) ) =  | S | = 2 .


  D S  (   B  5 , 4 )


  D S  (   B  5 , 4 )


    S 1 = { u , v ,   x 1 }


  D S  (   B  5 , 4 )


  c   𝛾  d  ( D S  (   B  5 , 4 ) ) =  |   S 1 | = 3 .


  D S  (   B  5 , 1 )


  D S  (   B  5 , 1 )


    S 2 = { u , v ,   v 1 ,     x 1 }


  D S  (   B  5 , 1 )


  c   𝛾  d  ( D S  (   B  5 , 1 ) ) =  |   S 2 | = 4 .


    B  m , n  ( m ≥ 1 ) ,


  c   𝛾  d  ( D S  (   B  m , n ) ) − c   𝛾  d  ( D S  (   B  m , n ) ) = 2 m .

